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1.1 INTRODUCTION

Set theory forms the foundation of modern mathematics. It deals with the

concept of collections of objects, known as sets, and the relationships

between them. This unit explores the fundamental operations on sets, types

of sets, Venn diagrams, and their applications in problem-solving.

Understanding set theory is essential for studying advanced topics in

mathematics.

1.2 OBJECTIVES

By the end of this unit, you should be able to:

» Define sets and describe elements and membership.
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> Explain and apply basic set operations: union, intersection,

difference, and complement.
> lllustrate relationships between sets using Venn diagrams.

> Differentiate between types of sets (finite, infinite, null, universal,

subset, power set).
» Solve problems involving set identities and laws.

> Apply set theory to real-world contexts and logical reasoning.

1.3 SETS: DEFINITION AND EXAMPLES

Set: A well-defined collection of objects is called a sets.

In our mathematical language, everything in this universe, whether living
or nonliving, is called an object.

A given collection of objects is said to be well defined, if we can definitely
say whether a given particular object belongs to the collection or not.

The objects in a set are called its members or elements or points.
We denote sets by capital letters A, B,C, X, Y, Z, etc.

If a is an element of a set A, we write, a € A, which means that a belongs
to A or that a is an element of A.

If a does not belong to A, we write, a & A.

Examples:

(i) The collection of all vowels in the English alphabet contains five
elements, namely a, e, i, 0, u. So, this collection is well defined and

therefore, it is a set.

(i1) The collection of all odd natural numbers less than 10 contains the
numbers 1,3,5,7,9.

So, this collection is well defined and therefore, it is a sets.

Mathematical Methods for Economics 6



(iii) The collection of all prime numbers less than 10 contains the numbers
2,3,5.

So, this collection is well defined and therefore, it is a set.

(iv) All possible roots of the quadratic equation x? —x — 6 = 0 are -2 and
3. So, the collection of all possible roots of x2 — x — 6 = 0 is well defined

and therefore, it is a set.

(v) The collection of all rivers of India, is clearly well defined and therefore,

it is a set.

Clearly, river Ganga belongs to this set while river Nile does not belong to
it.

(vi) The collection of five most talented teachers of India is not a set, since
no rule has been given for deciding whether a given teacher is talented or

not.

Cardinality of a set: The cardinality of a set is the number of elements it

contains. For example, the cardinality of set A = {1, 2,3} is 3.

A set that doesn't contain any elements in it is known as the empty set, and
we represent it with the Greek letter ¢ (phi). For instance, the set of all

natural numbers less than 1 is an empty set, represented as ¢.
There are usually two ways of describing a non-empty set:
(1) Roster method, and (2) Set builder method.

(1) Roster Method: In this method, all the elements of a set are listed within
curly braces. For instance, the set of positive divisors of 48 includes the
numbers 1,2,3,4,6,8,12, 16,24, and 48. So, this set can be written as
{1,2,3,4,6,8,12,16, 24, 48}. This method follows two conventions:
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Convention 1: The order in which elements are listed doesn't matter.

Convention 2: Each element is written only once; there should be no
repetition of elements. For example, the set S containing integers between
11 and 41 would be writtenas S = {11,12,13,...,41}. It's important not
towrite S = {11,12,13,...,41, 12}, as this violates Convention 2.

The roster method is also used when listing elements of larger sets. In such
cases, we may not list all elements but just enough to provide a sense of
what the set contains. For example, the set of integers between 0 and 100
can be expressed as {0, 1, 2,...,100}, and the set of all integers, Z, can be

written as {0, +1,-2,...}.

(2) Set Builder Method: In Set Builder Method, we begin by identifying a
defining property, denoted as P that characterizes the elements of the set.
This property should be unique to the elements of the set and not shared by
any other objects. We then represent the set as:

{X | X has property P}or {X : X has property P}

This can be read as 'the set of all x such that x has property P '. For example,

we can express the set of all integers as: Z = {X | X is an integer}.

1.4 SUBSETS

Take the sets A = {1, 3, 4} and B = {1, 4} as an example. In this case,
every element of set B is also an element of set A. When this happens,
meaning that every element of set B belongs to set A, we call B a subset
of A. This is written as B < A. It's evident that for any set A, A is
certainly a subset of itself, as every element of A isalsoin A. So, for any
set A, A € A.Additionally, for any set A, the empty set ¢ is also a subset
of A, denotedasp S A.
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It's important to realize that if B is not a subset of A, it implies that there
must be at least one element in B that is not part of A. In mathematical
terms, we can express this as ‘there exists an X in B such that X is not in
A

We can now assert that sets, A and B, are considered equal, meaning they
have exactly the same elements, if and only if A isasubsetof B (A € B
)and B isasubsetof A (B S A).

Example 1. Let A = {2,3,5} and B = {2,3,5,7,9}.

Then, every element of A is an element of B.
~ ACSBbutA#B

Hence, A is a proper subset of set B, i.e., A c B.
Example 2. Let A = {1,2} and B = {2,3,5}.
Then,1 € Abut1 ¢ B.

~ AL B
Again, 3 € B but 3 ¢ A.
~ B € A.

Thus,A £ Band B € A.
SOME RESULTS ON SUBSETS:

I.  Every setis a subset of itself
Il.  The empty set is a subset of every set.

I1l.  The total number of subsets of a set containing n elements is 2™.

Universal Set: If there are some sets under consideration then there happens
to be a set which is a superset of each one of the given sets. Such a set is

Mathematical Methods for Economics 9



known as the universal set for those sets. We shall denote a universal set by
U.

Example 3. Let A = {1,2,3},b = {2,3,4,5}and C = {6,7}.

If we consider the set U = {1,2,3,4,5,6,7} then clearly, U is a superset of

each of the given sets.
Hence, U is the universal set.

Example 4. When we discuss sets of lines, triangles or circles in two-
dimensional geometry, the plane in which these lines, triangles or circles

lie, is the universal set.

INTERVALS AS SUBSETS OF R

Leta,b € Rand a < b. Then, we define:

(i) Closed Interval [a,b] = {x € R:a < x < b}.

(ii) Open Interval (a, b) or Ja,b[= {x € R:a < x < b}.

(iii) Right Half Open Interval [a, b) or [a,b[= {x € R:a < x < b}.
(iv) Left Half Open Interval (a, b] or Ja,b] = {x € R:a < x < b}.

On the real line, we represent these intervals as shown below:
LENGTH OF AN INTERVAL
The length of each of the intervals [a, b], (a, b)[a, b) and (a, b] is (b — a).

Examples on intervals

) [-23]={x€ER:—2<x<3}
(i) (=23)={x€R:—2<x < 3}
(i) [-2,3) ={x ER: -2 < x < 3}
(iv) (=23]={x ER:—2<x <3}
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Power set: The set of all subsets of a given set A is called the power set of
A, denoted by P(A).

If n(A) = mthen n[P(A)] = 2™
Check Your Progress

1.LetA={1,23 4, 5}and B ={3,4,5 6,7} Find AUB, A N B and A

2. In a class of 60 students, 35 study Economics, 28 study Mathematics
and 15 study both. Find the number of students who study at least one of

the two subjects.

3.1fU={1,2,3,...,10}, A={2,4,6,8, 10} and B= {1, 2, 3, 4, 5}, find
(AUB) and A N B.

Mathematical Methods for Economics 11



1.5 SOME CLASSES OF SETS

FINITE AND INFINITE SETS

An empty set or a nonempty set in which the process of counting of

elements surely comes to an end is called a finite set. A set which is not

finite is called an infinite set.

The number of distinct elements contained in a finite set A is denoted by
n(A4).

Examples of finite sets
(i) Let A = {2,4,6,8,10,12}.

Then, A is clearly a finite set and n(4) = 6.

(ii) Let B = set of all letters in the English alphabet. Then, n(B) = 26 and
therefore, B is finite.

(iii) Let C = {x:x € Z and x? — 36 = 0}. Then, C = {—6,6}, which is
clearly a finite set and n(C) = 2.

(iv) The set of all persons on earth is a finite set.

(V) The set of all animals on earth is a finite set.

Examples of infinite sets

(i) The set of all points on the arc of a circle is an infinite set.

(i) The set of all points on a line segment is an infinite set.

(iii) The set of all circles passing through a given point is an infinite set.
(iv) The set of all straight lines parallel to a given line, say the x-axis, is an
infinite set.

(v) The set of all positive integral multiples of 5 is an infinite set. Let
Z*be the set of all positive integers.

Then, {5x:x € Z*} = {5,10,15,20,25, ... } is an infinite set.

(vi) Each of the sets N, Z, Q and R is an infinite set.
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Note: All infinite sets cannot be described in roster form.

For example, the set R of all real numbers cannot be described in this
form, since the elements of this set do not follow a particular pattern.
Equal sets: Two nonempty sets A and B are said to be equal, if they have

exactly the same elements and we write, A = B.
Otherwise, the sets are unequal and we write, A # B.

Remarks: (i) The elements of a set may be listed in any order.
Thus, {1,2,3} = {2,1,3} = {3,2,1}.

(i) The repetition of elements in a set has no meaning. Thus, {1,1,2,2,3} =
{1,2,3}.

1.6 OPERATION ON SETS

Sets can be manipulated through various operations. These operations are
essential for understanding abstract algebra, as they provide the foundation

for more complex algebraic structures.

(i) Union: The union of A and B consists of all elements in S that belong
to either A or B . We denote this unionas A U B . In mathematical terms,

A U B is defined as follows:
AUB={XeS|(xe A)or(x € B)}

For example, if A = {1,2} and B = {4, 6,7}, then their union, A U B,
is{1,2,4,6,7}.

Moreover, if A = {1,2,3,4}and B = {2,4,6, 8}, then their union, A U
B, becomes {1, 2, 3,4, 6, 8}.

(i) Intersection: The intersection of two sets, denotedas " A N B ," results

in a new set containing elements that are shared by both set A and set B.
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To formally define this intersection, we say that A n B is the set of

elements x in S where x belongs to A and x also belongs to B.

For example, if we have set P = {1, 2, 3,4} and set Q = {2, 4, 6, 8}, their
intersection, P N Q, is {2,4}. Moreover, for any set A, the intersection of
A with itself, A n A, is simply A. Now, let's imagine we have set A =
{1,2} and set B = {4, 6, 7}. In this scenario, A and B share no common
elements, so their intersection, A N B, is an empty set, denoted as ¢. When
two sets have an empty intersection, we say that they are disjoint, or
mutually disjoint. For example, the sets {1,4} and {0, 5, 7, 14} are disjoint
because they do not share any common elements.

(iif) Complement: The complement of a set 4, represented as A’ or A or A€,
encompasses all the elements that do not belong to set A but are part of the
universal set U. Mathematically, the complement A" or A or A can be
definedas A’ = {x € X |x & A}.

For example, if we have a universal set U, which contains all the integers
from 1 to 10, and we define set A4 as {2, 4, 6, 8}, then the complement of set
A will include all the integers from 1 to 10 that are not in set A. So, A" will

be {1,3,5,7,9,10}, containing all the elements that are in U but not in A.

(iv) Difference: The difference of sets A and B, denoted as A — B, creates

a new set comprising all the elements that are in A but not in B.

Let us consider sets A = {1, 2,3} and B = {2, 3,4} as an example. The set
of all elements in A that are absent in B is {1}, and we refer to this set as the
difference A — B. Similarly, the difference B — A comprises the elements
in B that are not part of A, which in this case is {4}. Hence, for any two
subsets A and B of a set S, the difference A — B can be defined as the set
of elements x in S where x belongs to A but is not part of B:

A—B ={x€S|xe€Aandx & B}

Mathematical Methods for Economics 14



1.7 LAWS OF OPERATIONS ON SETS

1. ldempotent Laws: Forany set A, (i) AUA =A (i) AN A = A.

2. ldentity Laws: For any set 4,
AU g =A(ii)) An U = A. Where U is universal set.
3. Commutative laws: For any two sets A and B,
Q) A U B = B U A [Commutative law for union of sets]
(i) AN B =B nA][Commutative law for intersection of sets]
4. Distributive laws: For any three sets A4, B, C
Q) AN(BUC)=(ANB)U(An () [Distributive law for
intersection over union]
(i Au(BNC)=(AUB)n (AUC) [Distributive law for
union over intersection]
5. De Morgan’s laws: For any two sets A and B,
(i) (AUB)t = A°NnB°
(i) (ANB)=A°UB°

1.8 VENN DIAGRAMS AND COUNTING

In order to express the relationship among sets in perspective, we represent
them pictorially by means of diagrams, called Venn diagrams. In these
diagrams, the universal set is represented by a rectangular region and its
subsets by circles inside the rectangle. We represent disjoint sets (AN B =
¢) by disjoint circles and intersecting sets (A N B # ¢) by intersecting

circles.
VENN DIAGRAMS IN DIFFERENT SITUATIONS
CASE 1. When the universal set and its subset are given

Let U be the universal setand let A ¢ U We draw a circle inside a rectangle.

The rectangular region represents U and the circular region represents A.
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Example 1. Let U = {1,2,3,4,5,6} and A = {1,3,5,7}.
Then, we draw the Venn Diagram, as shown in the given figure 1.
Clearly A€ = {2,4,6}.

u
2 ,/"'F_ "
4 ||I 1 5“"
| A
B ! 7/
4

Figure 1.1: Example Ven diagram
CASE 2. When two intersecting subsets of U are given

For representing two intersecting subsets A and B of U, we draw two
intersecting circles within the rectangle. The common region of these

circles represents A N B.

Excluding the region of B from that of A shows (A — B).
Excluding the region of A from that of B shows (B — A).

_—

e .
|'IIr / | \\

| A B"’;"".-"\E.' Y

\\Rj“'\{i 4/ |

B

Figure 1.2: Example Ven diagram

Example 2. Let U = {1,2,3,4,5,6,7,8} and A = {1,3,4,5}and B =
{2,4,5,6} be its subsets.

Then, we draw the Venn Diagram, as shown in the given figure 3.
ClearlyAnB = {4,5},A— B ={1,3},B— A = {2,6}.
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Figure 1.3: Example Ven diagram

CASE 3. When two disjoint subsets of a set be given

In order to represent two disjoint subsets A and B of the universal set U,

we draw two disjoint circles within a rectangle.

Example 3. Let U = {1,2,3,4,5,6,7} be the universal set, and let A =
{1,3,5} and B = {2,4} be two of its disjoint subsets.

Clearly, AnB = ¢.

So, we may draw the Venn diagram, as shown in the adjoining figure 4.
Clearly, AnNB =¢,(A—B)={135}=Aand (B—A4) ={24} =B
A' =1{2,4,6,7}and B' = {1,3,5,6,7}.

/1 \ ,.f’/f \\
I 3 [ 2 i
- T A N
L/
6 — -

7

Figure 1.4: Example Ven diagram

CASE4.WhenBC AcCU
In this case, we draw two concentric circles within a rectangular region.

The inner circle represents B and the outer circle represents A.
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Example 4. Let U = {1,2,3,4,5,6,7,8} be the universal set, and let A =
{1,3,5,7} and B = {3,7} be its subsets.

Then, clearly B < A.
Now, we may draw the Venn diagram, as shown in the given figure 5.

ANB=B={37,AUB=A={1357}
(A-B)={15}L,(B-A)=¢
A€ ={2,4,6,8} and B’ = {1,5,2,4,6,8}

-

=== o S

Figure 1.5: Example Ven diagram

IMPORTANT COUNTING RESULTS FROM VENN DIAGRAMS

Let A and B be two intersecting subsets of U.
In counting the elements of (A U B), the elements of A N B are counted

twice, once in counting the elements of A and second time in counting the

elements of B.

T

/ /&" N

'|
A Blﬂma B-A :

\ y /’

n(AUB) =n(A) +n(B) —n(ANnB)

If An B = ¢, then n(A N B) = 0 and therefore, in this case, we have
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n(AU B) =n(A) +n(B)

From the Venn diagram, it is also clear that

(i) n(A—B)+n(AnB) =n(A)

(i) n(B—A)+n(AnB) =n(B)
@ii)n(A—B)+n(AnB)+n(B—A) =n(AUB).

1.9 SUMMARY

In this unit we have covered the following points:

> Set: A well-defined collection of objects.
» Operations on Sets: Union, intersection, difference, and
complement.
» Types of Sets:
e Finite and infinite sets
e Empty set (¢)
e Universal set (U)
e Subset (A S B) and Proper Subset
e Power set (P(A))
» Venn Diagrams: Visual tools for representing sets and their
relationships.
» Set Laws: Commutative, associative, distributive, identity, and De

Morgan’s laws.

1.10 GLOSSARY

Set: A well-defined collection of distinct objects.

Element: An individual member of a set.

Subset: A set in which every element belongs to another set.
Universal Set: The set containing all objects under consideration.
Empty Set: A set containing no elements.
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Union: The set containing all elements belonging to either or both sets.
Intersection: The set containing elements common to two or more sets.

Complement: The set of elements in the universal set that are not in a
given set.

1.11 EXERCISES

1 IfA={ab,cde},B={ac,eg}tandC ={b,e,f, g}, verify

that:

(WAUB=BUA

(iAuC=CUA

(i BUC=CUB

(v VANnB=BnNnA

(vBnC=CnB

(VDANC=CnA

(vil)(AuB)UC =AU (BUC)

(vii) (AnB)NC=ANn(BNC)

2 IfA={a,b,cde},B={ac,eg}tandC ={b,e,f, g}, verify
that:
MANB-C)=ANB)—(ANC)
(i)A—(BNC)=(A—B)U(4A—0C)

3 IfU={1,234,5,6,7,89},A4 = {2,4,6,8} and B = {2,3,5,7}, verify
that:
()(AuB) =(A'nB")
(i) (AnB) =(A"UB")

4 LetA={ab,c},B=1{bcde}and C ={cd,e, f} be subsets of
U={a,b,c,d,e,f}. Then, verify that:
H@E) =4
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(i(AuB) =(A'nB")
(i) (AnB) =(A"UB’)

5 Given an example of three sets A, B, C suchthat AN B # ¢,B N
C+p,AnC#+¢pandANBNC=¢.

6 LetA={ab,cef},B=1{cdeg}andC ={b,c,f,g}hbe
subsets of the set U = {a, b, c,d, e, f, g, h}.
Draw Venn diagrams to represent the following sets:
(YANnB
(i Au(BNCOC)
(i) A—B
(ivyB—A
(V)A—(BNC)
(viy(B—C)u (C—-B)

7 LetA={2,46810},B = {4,8,12,16} and C = {6,12,18,24}.
Using Venn diagrams, verify that:
((AuB)UC =AU (BUC)

(i) (ANB)NC=An(BNC)

8 LetA={a,eiou},B=1{adeo,v}andC ={e,o0,t,m}.
Using Venn diagrams, verify the following:
HAu(BNC)=(AUB)N(AUC)
((i)AN(BUC)=(ANB)U(ANC).
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UNIT 2 NUMBER SYSTEM

STRUCTURE

2.1. Introduction

2.2. Objectives

2.3. Types of Numbers

2.4. Operation on Numbers

2.5. Properties of Number Systems
2.6. Applications of Number Systems
2.7. Some additional topics

2.8. Summary

2.9. Glossary

2.10 Exercises

2.11 Suggested Readings
2.1 INTRODUCTION

The number system is a fundamental concept in mathematics,
encompassing various ways in which numbers are represented and
manipulated. The system plays a crucial role in all areas of mathematics and
its applications, from basic arithmetic to advanced mathematical theories.
This unit explores the types of number systems, including natural numbers,
whole numbers, integers, rational numbers, irrational numbers, real
numbers, and complex numbers. Understanding these different types of
numbers and their properties is essential for solving a wide range of
mathematical problems and for applications in fields such as engineering,

economics, and computer science.
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2.2 OBJECTIVES

After going through this unit, students will be able to

>

>

Understand and differentiate between various types of numbers in
the number system.

Perform operations with different types of numbers such as
addition, subtraction, multiplication, and division.

Apply the concepts of rational and irrational numbers in
mathematical problem-solving.

Recognize the significance of the real number system and its
properties.

Understand complex numbers and perform operations involving
them.

Utilize number systems effectively in real-world applications.

2.3 TYPES OF NUMBERS

2.3.1 Natural Numbers

Natural numbers are the basic counting numbers starting from 1 (i.e., 1, 2,

3,4,5,..). They are used for counting and ordering.

2.3.2 Whole Numbers

Whole numbers include all natural numbers along with zero. The set of
whole numbers is {0,1,2,3,4,...}.

2.3.3 Integers

Integers extend whole numbers to include negative numbers. The set of
integersis{...,—3,-2,-1,0,1,2,3,... }.
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2.3.4 Rational Numbers

Rational numbers are numbers that can be expressed as the quotient of two

integers S, where g # 0. Examples include % —Z, 5.

2.3.5 Irrational Numbers

Irrational numbers cannot be written as a fraction of two integers. They

have non-repeating and non-terminating decimal expansions. Examples

include V2, m, e.
2.3.6 Real Numbers

Real numbers include both rational and irrational numbers. The set of real
numbers is denoted by R and represents all numbers that can be located on

the number line.
2.3.7 Complex Numbers

Complex numbers consist of a real part and an imaginary part, typically
expressed as a + bi, where iii is the imaginary unit and a,ba, ba,b are real

numbers. The set of complex numbers is denoted by C.

2.4 OPERATION ON NUMBERS

2.4.1 Addition and Subtraction

Addition and subtraction can be performed on all types of numbers, but

the results may belong to different subsets of the number system.

« Natural and Whole Numbers: Closed under addition and

subtraction.

e Integers: Closed under addition and subtraction.
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o Rational Numbers: Closed under addition and subtraction.

o Irrational Numbers: The sum or difference of an irrational and a

rational number is irrational.
2.4.2 Multiplication and Division

Multiplication and division operations work similarly for different types of

numbers.

o Natural and Whole Numbers: Closed under multiplication;

division may result in fractions or decimals.

e Integers: Closed under multiplication; division can result in a

rational number.

« Rational Numbers: Closed under multiplication and division

(except by zero).

e Irrational Numbers: Multiplying an irrational number by a
rational number results in an irrational number, unless the result is

a rational number.

2.5 PROPERTIES OF NUMBER SYSTEMS

2.5.1 Closure Property

The closure property states that performing operations such as addition,
subtraction, multiplication, or division on a set of numbers results in a

number that is also in the set.
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2.5.2 Commutative Property

The commutative property states that the order of numbers in addition or
multiplication does not affect the result.

e a+b=b+a

e axXxb=bXa
2.5.3 Associative Property
The associative property states that the grouping of numbers does not affect
the result.

e (a+b)+c=a+(b+c)

e (axb)xc=ax(bxXc)

3.4 Distributive Property

2.5.4 Distributive Property
The distributive property connects multiplication and addition.

e aX(b+c)=axb+axc

2.6 APPLICATIONS OF NUMBER SYSTEMS

2.6.1 Practical Applications of Natural and Whole Numbers

Used in counting, ordering, and in algorithms such as sorting and

searching.
2.6.2 Applications of Rational Numbers

Rational numbers are used in financial calculations, measurements, and

statistics.
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2.6.3 Applications of Irrational Numbers

Irrational numbers, such as m\pizn and eee, are used in fields like physics,

engineering, and finance.
2.6.4 Applications of Complex Numbers

Complex numbers are used in electrical engineering, control systems, and
quantum mechanics, where they model phenomena such as alternating

current circuits and waveforms.

Check Your Progress

1. Simplify: 3/4 +5/6 — 1/3.

2. Express 0.375 as a rational number in lowest terms and determine
whether V2 is rational or irrational.
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2.7 SOME ADDITIONAL TOPICS

2.7.1 Arithmetic

The first assumption is that the real numbers satisfy all the usual laws of

addition, subtraction, multiplication and division.

The rules of arithmetic, of course, include the proviso that division by zero

is not allowed. Thus, for example, the expression
2
0
makes no sense at all. In particular, it is not true that
2
— =00
0

We shall have a great deal of use for the symbol oo, but it must clearly be
understood that co does not represent a real number. Nor can it be treated as

such except in very special circumstances.
2.7.2 Inequalities

The next assumptions concern inequalities between real numbers and their

manipulation.

We assume that, given any two real numbers a and b, there are three
mutually exclusive possibilities:

(i) a > b (a is greater than b)

(if) a = b (a equals b)

(iii) a < b (a is less than b).
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Observe that a < b means the same thing as b > a. We have, for

example, the following inequalities.
1>0;,3>2:2<3;,-1<0; -3<-2

There is often some confusion about the statements
(iv) a > b (a is greater than or equal to b)

(v) a < b (a is less than or equal to b).

To clear up this confusion, we note that the following are all true

statements.
1>0;3>2;1>1;2<3;,-1<0;,-3<-3

We assume four basic rules for the manipulation of inequalities. From
these, the other rules may be deduced.
(DIfa>bandb > c,thena > ¢

(1) If a > b and c is uny real number, then
a+c>b+c

(1) Ifa > b and ¢ > 0, then ac > bc(t. 0, frequalities can be multiplied
through by a pasifive factor).

(IV) If a > b and ¢ < 0, then ac < bc (1.0, multiplication by in megative
factor revartes the inequalliy).

Note: If x and y are positive, then x < y If and only if x? < y?2,
2.7.3 Roots

Let n be a natural number. The reader will be familiar with the notation y =

x™. For example, x? = x, x and x3 = x, x, x.
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Our next assumption about the real number system is the following. Given

any y > 0 there is exactly one value of x > 0 such that
y=x

If y > 0, the value of x > 0 which satisfies the equation y = x™ is called

the nth root of y and is denoted by

x = yl/n

When n = 2, we also use the notation ,/y = y'/2. Note that, with this
convention, it is always true that \/} > 0. If y > 0, there are, of course, two

numbers whose square is y. The positive one is ,/y and the negative one is

—\/y. The notation +.,/y means ,/y or —/y.
If r = m/n is a positive rational number and y > 0, we define
y =™y

If r is a negative rational, then —r is a positive rational and hence y~" is

defined. If y > 0 we can therefore define y” by

We also write y° = 1. With these conventions it follows that, if y > 0, then

y" is defined for all rational numbers r.
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2.7.4 Quadratic equations

If y > 0, the equation x? = y has two solutions. We denote the positive

solution by ,/y. The negative solution is therefore —,/y. We note again that

there is no ambiguity about these symbols and that i—ﬁ simply means ﬁ
or —/y
The general quadratic equation has the form
ax?+bx+c=0
where a # 0. Multiply through by 4a. We obtain

4a%x? + 4abx + 4ac = 0
(2ax + b)?> —b* +4ac =0
(2ax + b)? = b% — 4ac

It follows that the quadratic equation has no real solutions if b2 — 4ac <
0, one real solution if b? — 4ac = 0 and two real solutions if b? — 4ac >

0.1f b?> — 4ac > 0,

The roots of the equation ax? + bx + ¢ = 0 are therefore

—b —+/(b? — 4ac) ap —b +/(b? — 4ac)
a = an =
2a 2a

It is a simple matter to check that, for all values of x,

ax?+bx+c=alx—a)(x—p)
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With the help of this formula, we can sketch the graph of the equation y =
ax? + bx + c.

\ v = avie by ee

\ y max!+hx ¢
N
a\/a /0 ﬂ\
a>0 / a<0

Figure 2.1: Graph of y = ax? + bx + ¢

2.8 SUMMARY

In this unit we have covered the following topics:

e The number system consists of different types of numbers: natural,
whole, integers, rational, irrational, real, and complex numbers.

e Each set has its own properties and operations, and understanding these
is crucial for solving mathematical problems.

e  The number system is applied in various real-world contexts, including
finance, engineering, and physics, making it a foundational concept in

mathematics and its applications.

2.9 GLOSSARY

Natural Numbers: Positive counting numbers beginning with 1.
Whole Numbers: Natural numbers together with zero.

Integer: A positive or negative whole number, including zero.
Rational Number: A number expressible as the ratio of two integers.

Irrational Number: A number that cannot be expressed as a ratio of two
integers.
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Real Number: A number that can be represented on the real number line.

Prime Number: A positive integer greater than one having exactly two
positive factors.

Composite Number: A positive integer greater than one having more
than two factors.

2.10 EXERCISES

1 Classify the following numbers as natural, whole, integer, rational,

or irrational:
a) z
b) -5
c)m
d) 0.75
e)V3
2 Perform the following operations and state the result's type of
number:
a) 7+ (—4)
b) 2 x 3
91}
d) V5 x 7
3 Simplify the following expressions and classify the results:
a)3+(=7)
b) V9 — 2
C)2x+2
4 Solve the following real-world problem:

The height of a water tank is given by the formula h = 5t + 2,

where h is the height (in meters) and t is the time (in hours). After
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4 hours, calculate the height of the water tank. Is the result a natural

number, whole number, integer, rational, or irrational?

2.11 SUGGESTED READINGS

1. David Burton, M. (2007). Elementary Number Theory, Seventh
Edition.

2. Rosen, K. H. (2011). Elementary Number Theory. London:
Pearson Education.

3. Hari Kishan. (2014). Number Theory. Krishna Prakashan, Meerut.
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UNIT 3 FUNCTIONS AND THEIR GRAPHS

STRUCTURE

3.1. Introduction

3.2. Objectives

3.3. Functions

3.4. Types of functions

3.5. Inverse function and composition of functions
3.6. Graphs of some basic functions

3.7. Solved examples

3.8. Summary

3.9. Glossary

3.10 Exercises

3.11 Suggested Readings
3.1 INTRODUCTION

Functions are fundamental in mathematics, providing a way to describe
relationships between variables. This unit explores the concept of functions,
their various types, inverse functions, and the composition of functions.
Additionally, the graphical representation of functions will be covered to
enhance understanding of their behavior and properties. Mastering
functions and their graphs is crucial for studying calculus, algebra, and

applied mathematics.

3.2 OBJECTIVES

After going through this unit, students will be able to
» Define functions and explain the concept of domain, range.

» ldentify and describe different types of functions.

Mathematical Methods for Economics 36



» Understand and compute inverse functions and perform function
composition.

» Graph basic functions and interpret their key features.

3.3 FUNCTIONS

Functions are mathematical tools that describe the relationship between
elements of two sets. Given two non-empty sets, A and B, a function f from
Ato B is essentially a rule that assigns precisely one element from B to each
element of A. In this context, when we say f(a) = b, it signifies that 'b" is
the unique element in B that the function f associates with the element 'a’
in A. We formally represent this as f: A — B. Functions are sometimes

referred to as mappings or transformations.
3.3.1 Domain and Range of a function:

In the context of a function from A to B, we designate A as the domain of
the function, representing the set from which input elements are drawn. B
is identified as the co-domain of the function, signifying the encompassing
set to which the output elements belong. When we state that f (a) = b, we
essentially express that 'b' is the image of 'a," and 'a’ is considered a pre-
image of 'b". The range, or image, of the function comprises all the images
of elements from the domain A. Also, it's appropriate to say that the function

f maps elements from A to B.

NN

l/ ' \
{ b=fla) \

Mo SN 5 A

Figure 3.1: Function f from A to B
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Example: We have a function f:Z — Z that assigns the square of an
integer to the integer itself. In other words, for any integer x, f(x) = x2.
Here, the domain of f encompasses all integers, the co-domain of f includes
all integers, and the range of f specifically comprises integers that are

perfect squares, which are {0, 1,4,9,...}.

It is to be noted that if we have two functions, f; and f;, both mapping
elements from set A to the real numbers R, we can define the functions
f1 + f2and f1f2 as follows for all x in A:

(i + 2)x) = filx) + f2(x)
(if)(x) = fi(x) * f2(x)
3.3.2 Image of a subset

If we have a function f from A to B and a subset S of A, the image of S
under the function f is the subset of B that comprises the images of the
elements within S. We denote this image as f(S), expressed as f(S) =
{t|s € S,t = f(s)}. Alternatively, we can use the shorthand {f(s) | s €

S} to represent this set.

Please remember that the notation f(S) for the image of the set S under the

function f denotes a set and not the value of the function f for the set S.

For instance, consider sets A = {a,b,c,d,e} and B = {1, 2, 3,4}, along
with the function f(a) = 2, f(b) = 1, f(c) = 4, f(d) =1,and f(e) =
1. If we take the subset S = {b, ¢, d}, the image of this subset is represented

as £(S) = {1,4}.
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3.4 TYPES OF FUNCTIONS

(i) One-to-One Function (Injective Function): A function f is termed
one-to-one, or injective, if and only if f(a) = f(b) implies that a = b for
all a and b in the domain of f. This means that for each pair of distinct
elements a and b in the domain, the function assigns them distinct values.
Mathematically, a function is considered one-to-one if, for all elements a
and b in the domain, f(a) = f(b) implies a = b.

1® - - |
hw. .7
(S ] ey
e ‘-\\
He—" 4
.

Figure 3.2: One-to-One function
Examples:

1. Consider the function f from {a, b, c,d} to {1, 2, 3,4, 5} with f(a) =
4, f(b) = 5,f(c) = 1,and f(d) = 3. The function f is one-to-one
because it assigns different values to each element in its domain.

2. Consider the function f(x) = x? from the set of integers to the set of
integers is not one-to-one because, for instance, f(1) = f(-1) = 1,
but1 = —1.

(ii) Onto Function (Surjective Function): A function f from A to B is said

to be as onto, or surjective, if and only if for every element b in the co-

domain B, there exists an element a in the domain A such that f(a) = b.

In simpler terms, onto function ensures that every element in the co-domain

is mapped to by at least one element from the domain. Mathematically, a
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function is surjective if Yy 3x (f(x) = y), where x ranges over the

domain of the function and y over the co-domain.

Examples:

1. Let f be the function from {a,b,c,d} to {1,2,3} with f(a) =
3,f(b) = 2,f(c) = 1,and f(d) = 3.Inthiscase, f isonto because
every element in the co-domain {1, 2, 3} has at least one element in the
domain {a, b, c, d} that maps to it.

2. The function f(x) = x? from the set of integers to the set of integers
is not onto since there is no integer x such that x2 = —1, and hence, not

all elements in the co-domain are reached.

3

Figure 3.3: Onto function

(a) One-lo-one, (b) Onto, (c) One-to-one, (d) Neither one-to-one (e) Not a function
not onto not one-to-one and onto nor onto
el ae N ae . o el ae T v el = ol
ae_ 3 A N~ ! i : /><\‘ a® — &
S <SR 92, Fo N be =\ o2 hHe °2 N\ =92
P . \ P e N
be<_ / ™\ o2 L St he - N
7 N, P § X 2 e 3 N =
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R F _—r
4. de” de ” o4 de o4 od

Figure 3.4: Different types of correspondences
(iii) One-to-One Onto Function (Bijective Function): A function f is
referred to as a one-to-one onto correspondence, or a bijection, if it
possesses both one-to-one and onto properties. We can also say that such a
function is bijective.

Mathematical Methods for Economics 40



Example: Consider the function f from {a,b,c,d} to {1,2,3,4} with
f(a) = 4,f(b) = 2,f(c) = 1, and f(d) = 3. Is f a bijection? Yes,
this function is a bijection because it is both one-to-one (no two-domain
values map to the same co-domain value) and onto (covers all co-domain

elements).

When dealing with functions whose domain and co-domain are subsets of
the real numbers, we can classify them as either increasing or decreasing

function.

(a) Increasing Function: A function f is considered increasing if, for all x
and y in its domain, where x < vy, it holds that f(x) < f(y). In simple

terms, as the input increases, the function value does not decrease.

(b) Strictly Increasing Function: A function is strictly increasing if, for all
x and y in its domain, where x < y, it holds that f(x) < f(y). Here, the

function values strictly increase as the input increases.

(c) Decreasing Function: A function f is termed decreasing if, for all x and
y in its domain, where x < y, it holds that f(x) = f(y). In this case, as

the input increases, the function value does not increase.

(d) Strictly Decreasing Function: A function is strictly decreasing if, for
all x and y in its domain, where x < y, it holds that f(x) > f(y). In this
situation, the function values strictly decrease as the input increases.

3.5 INVERSE FUNCTION AND
COMPOSITIONS OF FUNCTIONS

(i) Inverse Function: When we have a one-to-one correspondence
(bijective function) from set A to set B, the inverse function of this

correspondence assigns to an element b in B the unique element a in A such

Mathematical Methods for Economics 41



that f(a) = b. This inverse function is denoted by f~1. Thus, f~1(b) =

a when f(a) =

»7 l/7|

~ .,~ / \
/l f~(b) \\\,1\‘.,%\ m,) - 'I? f

\/ \/

Figure 3.5: Inverse of function f(x)
Examples:

1. Consider the function f from {a, b, c} to {1, 2, 3} such that f(a) =
f(b) = 3,and f(c) = 1.Isfinvertible, and if it is, what is its inverse?

Solution: The function f is invertible because it's a one-to-one

correspondence. The inverse function £~ reverses the correspondence, so

1 (1) = ¢, A ="aTand=1(3) = b.

2. Letf:Z — Z besuchthat f(x) = x + 1.Is f invertible, and if it is,

what is its inverse?

Solution: The function f has an inverse because it's a one-to-one
correspondence. To reverse the correspondence, suppose y is the image of

x,50y = x + 1.Thenx = y — 1. Thismeansthat f~1(y) = y — 1.

(if) Composition of Functions: If you have a function g from set A to set
B and a function f from set B to set C, the composition of the functions f
and g, denoted as f o g, is defined for all a in set A by (f o g)(a) =
f(g(a)). It's essentially applying the function g first and then the function

f.
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Figure 3.6: Composition of functions f(x) and g(x)

Examples:

1.

Let g be the function from the set {a, b, c} to itself such that g(a) =
b,g(b) = ¢, and g(c) = a. Let f be the function from the set
{a,b,c}totheset{1,2,3}suchthat f(a) = 3, f(b) = 2,and f(c) =
1. What is the composition of f and g, and what is the composition of
g and f?

Solution: The composition f o gis defined as (f o g)(a) =
fg(@) = fb) = 2, (f e g)(b) = f(g(b)) = f(c) =1, and
(f = 9)(c) = f(g(c)) = f(a) = 3.Notethat g o f is not defined
because the range of f is not a subset of the domain of g.

Let f and g be the functions from the set of integers to the set of integers
defined by f(x) = 2x + 3 and g(x) = 3x + 2. What is the

composition of f and g? What is the composition of g and f?

Solution: Both compositions, f o gand g o f, are defined.
Moreover, (f o g)(x) = f(g(x)) = f3x + 2) = 2(3x + 2) +
3=¢6x+7and(g° ) = g(f(®) = g2x + 3) =

32x +3) + 2 = 6x + 11
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Check Your Progress
1. For f(x) = 2x + 3, find f(—2), f(0) and f(5).

3. Determine whether f(x) = x2 is one-one on R. Give a mathematical
reason using suitable values of x.

3.6 GARPHS OF SOME BASIC FUNCTIONS

3.6.1 Polynomial functions: A function of the form:
f(x) = ag + a;x + a,x? + -+ + apx"
where n € N and a,, a;,a,, ...,a, € R.

Then, f is called a polynomial function. " f(x) is also called polynomial in

X .

Some of basic polynomial functions are
(i) Identity function/Graph of f(x) = x

A function f defined by f(x) = x for all x € R, is called the identity

function.
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Here, y = x clearly represents a straight line passing through the origin

and inclined at an angle of 45° with x-axis shown as figure 3.6.1.

Figure 3.6.1 Graph of f(x) = x

The domain and range of identity functions are both equal to R.
(i) Graph of f(x) = x?

A function given by f(x) = x? is called the square function.

The domain of square function is R and its range is R* U {0} or [0, o)

Clearly y = x?, is a parabola. Since y = x2 is an even function, so its

graph is symmetrical about y-axis, shown as figure 3.6.2

Figure 3.6.2 Graph of f(x) = x>

(iii) Graph of f(x) = x°
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A function given by f(x) = x3 is called the cube function.
The domain and range of cube are both equal to R.
Since, y = x3 is an odd function, so its graph is symmetrical about

opposite quadrant, i.e., "origin™, shown as figure 3.6.3

Figure 3.6.3

3.6.2 Rational Expression: A function obtained by dividing a polynomial
by another polynomial is called a rational function.

P(x)

= f(x) = 0@

Domain € R —{x | Q(x) = 0}

i.e., domain € R except those points for which denominator = 0.
Graphs of some Simple Rational Functions

(i) Graph of f(x) = i

A function defined by f(x) = % is called the reciprocal function or
rectangular hyperbola, with coordinate axis as asymptotes. The domain

and range of f(x) = % iIs R —{0}.
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Since, f(x) is odd function, so its graph is symmetrical about opposite

quadrants. Also, we observe

lim f(x) = +o0 and lim f(x) = —
x—0t x—0~

and

asx = too= f(x) >0

Thus, f(x) = %could be shown as figure 3.6.4

1__

Figure 3.6.4 Graph of f(x) = %

(ii) Graph of f(x) = =

X

Here, f(x) = x—lz is an even function, so its graph is symmetrical about y-

axis.
Domain of f(x) is R — {0} and range is (0, ).
Also, as y — oo as lim,_y+f(x) or lim,_,- f(x).and y — 0 as

hmx—»ioo f(X) '

Thus, f(x) = xiz could be shown as figure 3.6.5
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-FJI.

0 X
Figure 3.6.5 Graph of f(x) = xiz
3.6.3 Piecewise Functions
(a)Absolute value function (or modulus function)
— x| = { x, x=0
Y=M=1lx, x<o0
y=—x ¥ V=X
135°
45°
0 =X

Figure 3.6.6 Graph of f(x) = |x|

"It is the numerical value of x ".
"It is symmetric about y-axis" where domain € R
and

range € [0, )

Properties of modulus functions
Mx|]<a=>-a<<x<a(@=0)

(i) x| =a=>x< —aorx=>a;(a=0)
(i) [x £ y| < |x| + |yl

(V) |x £ y| = [|x] = |yl
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3.7 SOLVED EXAMPLES

Example 1: Let f: R — R be a function defined by

3x — 1, whenx > 3
f(x)={x2—2,when —2<x<3
2x + 3, whenx < —2

Find (i) £(2), (ii) £(4), (iii) f(=1), (iv) £ (=3).
Solution: (i) f(2) = (2)?—2=4—-2=2

(i) f4)=34)-1=12-1=11

(i) f(-1D) = (-1)2-2=1-2=—-1

(iv) f(=3) =2(=3)+3=—-6+3=—3

Example 2: For the function y = ++/x, say whether it is a function or not,
If it is function, find its domain and range.

Solution: Here, we have y = ++/x

Since y is real if x = 0 and is unique and finite for each x > 0
Then y = ++/x is a function with domain [0, o]

Again, from (1),

Hence,
Range = [0, ).

x3—x%+4x+7
3x+11

Example 3: Find the domain off (x) =

Solution: Since f is defined for all real values of x except when 3x +
11 = 0.

i.e., when,
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Hence, domainof f = R — {_711}

Example 4: Let f: N — {1} — N be defined by f(n) = the highest prime
factor of n. Show that f is neither one-one nor onto. Also, find the range
off.

Solution: Since, we have

f(6) = the highest prime factor of 6 = 3
f(9) the highest prime factor of 9 = 3
f(12) the highest prime factor of 12 = 3

Therefore, f is a many-one function.

Clearly, image of any n € N — {1} is the largest prime number that
divides n. So the range of f consists of prime number only. Consequently,
range of f = N (Co-domain)

= f is not onto function.

Hence, f is neither one-one nor onto. The range of f is the set of all prime

numbers.

x%+3x+1
x2-5x+6

Example 5: Find the domain of the function f(x) =

Solution: Obviously f(x) is not defined when x? — 5x + 6 = 0

Now (x? —5x + 6)
= 0
= (x=2)x—3) =0
= x =2,orx =3.

So f(x) is not defined at x = 2,3. Hence domain f = R — {2,3}.
Example 6: Let A = {1,2}. Find all one-to-one functions from A to A.
Solution: Let f: A — A be a one-one function. Then for f(1), there are

two choices i.e., 1 or 2.
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Let us first suppose f(1) =1

As f:A — Aisone-one

So, f(2)=2

Therefore, we have f(1) =1, f(2) = 2.

Now, let f(1) =2

Since, f:A — Aisone-one, therefore f(2) =1

Therefore, we have f(1) =2and f(2) =1

Hence, we have two one-one functions say f and g from A to A given by

and

f)=1f(2)=2
£(2) =1and f(1) =2

3.8 SUMMARY

In this unit we have covered the following points:

The definition of a function
The 1-1 function, onto function and bijective function.
The composition of functions.

Inverse function and composition of functions

YV V. V V V

Graphs of some basic functions

3.9 GLOSSARY

Function: A relation assigning exactly one output to each input.
Domain: The set of all permitted input values of a function.
Range: The set of output values produced by a function.

One-One Function: A function in which distinct inputs have distinct
outputs.

Many-One Function: A function in which two or more inputs may have
the same output.

Onto Function: A function whose range equals its codomain.
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Inverse Function: A function that reverses the input-output
correspondence of a function.

Graph of a Function: A set of ordered pairs representing a function on a
coordinate plane.

3.10 EXERCISES

1. LetA={-2,-1,0,2,1,2}and f: A - Z given by f(x) = x? — 2x —
3

Find (i) the range of f (i) pre-image of 6, —3 and 5.

2. Find the domain and range of the function f(x) = /(x — 1)(3 — x)

1

3. Find the range of the function f(x) = (2x=3)(x+1)

4. Find the domain and range of the following functions.

(i) f(x) =
(i) x| +y =0

o x-1

(i) f(x) =—

(iv)y=vx -3

V) f(x) =x?>+4

5.1f A ={-1,0,2,5,6,11}, B = {—2,0,18,28,108} and f(x) = x* — x — 2,
find £ (4).

6. Let A be the set of two positive integers. Let f: A — Z*, set of positive

x%-1

x—1

integers be defined by f(n) = p, where p is the highest prime factor of n.
If range of f = {3}, find A.

7. Find the domain for which the function f(x) = 2x2 — 1 and g(x) =

1 — 3x are equal.

8. Let f;:R —» Rand f,: C - C be two functions defined as f; (x) = x3
and f,(x) = x3. Show that they are not equal.
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UNIT 4 PRINCIPLE OF MATHEMATICAL
INDUCTION

STRUCTURE

4.1. Introduction

4.2. Objectives

4.3. Principle of Mathematical Induction
4.4. Summary

4.5. Glossary

4.6. Exercises

4.7. Suggested Readings
4.1 INTRODUCTION

The Principle of Mathematical Induction is a powerful and widely-used
technique in mathematics, particularly in the study of sequences, series, and
discrete structures. It provides a systematic method for proving statements
that hold for infinitely many cases, typically involving natural numbers.

The principle is based on a simple yet profound idea: if we can show that a
statement holds for a base case, and then demonstrate that if the statement
holds for any particular case, it also holds for the next case, then we can

conclude that the statement holds for all cases beyond the base case.

4.2 OBJECTIVES

After going through this unit, students will be able to

» Understand the Principle of mathematical induction
» Apply the Principle of mathematical induction to solve various

numerical problems
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4.3 PRINCIPLE OF MATHEMATICAL
INDUCTION

Let P(n) be a statement involving the natural number n such that
(i) P(1) is true and

(i) P(k + 1) is true, whenever P(k) is true
then P(n) is true for all n € N.
Example 1: Using the principle of mathematical induction, prove that
1+3+5+7+-+@2n—1)=n?foralln € N.
Solution: Let the given statement be P(n). Then,
P(n):14+3+4+5+7+-+ (2n—1) =n?

Putting n = 1 in the given statement, we get

LHS =1andRHS =12=1.
. LHS = RHS.
Thus, P(1) is true.
Let P(k) be true. Then,
P(k):1+3+5+7+-+Q2k—-1) =k% (1)

Now,1+3 45+ 74+ 2k —1) + {2(k + 1) — 1}

={1+3+5+4+7+ -+ QRk—-1D}+Rk+1)=k*+ (2k+1)
= (k + 1)2. [using (1)]

“Pk+1):1+3+5+7+Qk—-1D+{2(k+1)—1} = (k+1)=2

This shows that P(k + 1) is true, whenever P (k) is true.
Thus, P(1) is true and P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have

1+3+5+7+-+@2n—1)=n?foralln € N.

Example 2: Using the principle of mathematical induction, prove that
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1
1+44+74+10+--4+Bn-2) =§n(3n—1) foralln € N.
Solution: Let the given statement be P(n). Then,
1
P(n):1+4+7+10+ -+ (3n—2) =En(3n—1).
Putting n = 1 in the given statement, we get
1
LHS = 1 and RHS =E><1><(3><1—1)=1.
LHS = RHS.

Thus, P(1) is true.
Let P(k) be true. Then,

P(k):1+4+7+10+---+(3k—2)=%k(3k—1). (1)

Now, 1+ 4+ 7+ -+ @Bk —2)+{3(k+1)—2}

={14+44+7+-Bk-2}+Bk+1)
= %k(3k -+ @Bk+1) [using (1)]
1 1
=§(3k2—k+6k+2)=§(3k2+5k+2)
=%(3k2+3k+2k+2) =%~{3k(k+1)+2(k+1)}
=%(k+ 1)(3k + 2) =%(k+1){3(k+1)—1}.

2 Pk+1):14+447++3k+1) -2}
=%(k+ DBk +1) —1}

This shows that P(k + 1) is true, whenever P (k) is true.
Thus, P(1) is true and P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have
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1
1+4+7+--+Bn-2) =En(3n—1) foralln € N.
Example 3: Using the principle of mathematical induction, prove that
1
12+2243%24+--+n?= En(n +1)(2n+ 1) foralln € N.

Solution: Let the given statement be P(n). Then,

1

P(n):12+22+3%2+.-+n%= En(n + 1D)(2n + 1).

Putting n = 1 in the given statement, we get

1
LHS =1°=1andRHS =-x1x2x@2x1+1)=1
» LHS = RHS.

Thus, P(1) is true.
Let P(k) be true. Then,

1
P(k): 12 +2%2+3% + -+ k% = gk(k + 1)(2k + 1).

Now, 12 + 22 + 32 + -+ k% + (k + 1)
={12+224+3%+ -+ k*}+ (k+1)2
1
= gk(k + 12k + 1) + (k + 1)?
[using (i)]
1 1
=g(k+1)-{k(2k+1)+6(k+1)}=g(k+1)(2k2+7k+6)

= %(k + 1){(2k? + 4k) + (3k + 6)}

=%(k+ Dk +2)(2k +3) =%(k+ Dk +1+ D2k + 1) +1].
P(k+1):12+22432+.-+ (k+1)>?
=%(k+ Dk+1+1D[2(k+1) +1].
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This shows that P(k + 1) is true, whenever P (k) is true.
Thus, P(1) is true and P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have

1
12 +22432+ .- +n? =gn(n+ 1)(2n + 1) foralln € N.

Example 4: Using the principle of mathematical induction, prove that

n(n + 1))*
13+234+33+...4n3 = {%} foralln € N.
Solution: Let the given statement be P(n). Then,
n(n+ 1))?
Pn):13+23+33+.-+n3= {(T)} .
Putting n = 1 in the given statement, we get
1% 2\?
LHS =13=1andRHS =< > ) =1%2=1.
~ LHS = RHS.
Thus, P(1) is true.
Let P(k) be true for some k € N. Then,
k(k + 1)?)°
P(k):13+23+33+ . k3 = {T} :

Now, 13+ 23 +33 + -+ k3 + (k+1)3
={1P+23+33 4+ +E3}+(k+1)°

4 {k(k 1)

2
5 } + (k+1)°

[using (i)]

(1)
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k? k2 + 4k + 4
:(k+1)2{7+(k+1)}:(k+1)2{T}

C(k+ Dk +2)?  ((k+D{(k+ 1) + 1R
- 4 _{ 2 }

Plk+1):13+23+33+--+ (k+1)3

K [(k + D{k+1)+ 1}]2
= > .

This shows that P(k + 1) is true, whenever P(k) is true.

~ P(1)istrueand P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have

nn+1)

2
> } foralln € N.

134+23 4334418 ={

Example 5: Using the principle of mathematical induction, prove that
1

1-2+2-3+3-4+--+n(n+1) =§n(n+1)(n+2).
Solution: Let the given statement be P(n). Then,
1
Pn):1-2+2-34+3-4+--+nn+1) =§n(n+1)(n+2).
Whenn=1, LHS=1-2=2andRHS=:Xx1x2x (1+2) = 2.
LHS = RHS.

Thus, the given statement is true for n = 1, i.e., P(1) is true.
Let P(k) be true. Then,

P(k):1-2+2-3+3'4+---+k(k+1)=%k(k+1)(k+2). (1)

Now,1-242-34+3 44 +k(k+ 1)+ (k+1)(k+2)
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={1-2+2-3+43-44-+k(k+1)+ (k+ 1Dk +2)
=%k(k+1)(k+2)+(k+1)(k+2) [using (1)]

= % [k(k + D (k+2)+ 3+ 1)(k +2)] = %(k + 1k + 2)(k + 3).

P(k+1):1-24+2-3+3- 44+ (k+1(k+2)
=%(k+1)(k+2)(k+3).

This shows that P(k + 1) is true, whenever P (k) is true.
~ P(1) istrue and P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have

1
1-2+2-3+3-4+--~+n(n+1)=§n(n+1)(n+2)forallnEN.

Check Your Progress

1. Using mathematical induction, prove that 1 +2+3 + ... +n=n(n+
1)/2 for every positive integer n.

2. Using mathematical induction, prove that 2" >n + 1 for every positive
integer n.
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3. Using mathematical induction, prove that 3» — 1 is divisible by 2 for
every positive integer n.

Example 6: Using the principle of mathematical induction, prove that
1
1-3+3-5+5-7+---+(2n—1)(2n+1)=§n(4n2+6n—1).

Solution: Let the given statement be P(n). Then,

P(n):1-3+3-54+5-7++@2n—1)2n+1)

1
= gn(4n2 +6n—1).
When n = 1, we have

1 1
LHS =1-3=3andRHS =2x1x(4x1?2+6x1-1)=2x1x9=3.
. LHS = RHS.

Thus, P(1) is true.
Let P(k) be true. Then,

1
P(k):1-3+3-5+5~7+---+(2k—1)(2k+1)=§k(4k2+6k—1).(1)

Now,1-3+3-5+5-7+ -+ Qk—-1)Q@k+1) +{2(k+1) -
D2k +1) + 1)

={1-343-545-7+ -+ 2k —-12k+ D} + 2k + 1)(2k + 3)
=%k(4k2+6k—1)+(2k+1)(2k+3)

[using (1)]
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[(4k3 + 6k? — k) + 3(4k? + 8k + 3)]

Wl =

1
= 5(4k3 + 18k? + 23k +9)

= %(k + 1)(4k? + 14k +9) = %(k + D[4k + 1%+ 6(k+1)—1].
~ P(k+1):1-3+3-5+5-7+-+{2(k+1)—-1H{2(k+1)+ 1}
= %(k + D{4k + D?+6(k+1)—1}.
Thus, P(k + 1) is true, whenever P (k) is true.

~ P(1)istrue and P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have

134354574+ @2n-1)2n+1)

1
= gn(4n2 +6n—1) foralln € N.

Example 7: Using the principle of mathematical induction, prove that
1
1-2-3+2-3-4+-+nn+1)(n+2) =Zn(n+1)(n+2)(n+3)

foralln € N.
Solution: Let the given statement be P(n). Then,

P(n):1-2-342-3-44—+nn+1)(n+2)
=%n(n+1)(n+2)(n+3).

When n = 1, we have

1
LHS =1-2-3=6andRHS=ZX1X2X3><4=6.
. LHS = RHS.

Thus, the given statement is true for n = 1, i.e., P(1) is true.
Let P(k) be true. Then,
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P(k): 1-2-3+2-3-4+-—+k(k+1)(k+2)

=%k(k+1)(k+2)(k+3). (1)
Now,1-2-3+2-3 -4+ +k(k+Dk+2)+k+1Dk+2)(k+
3)

={1-2:34+2-3-44-+k(k+1D)k+2)}+ (k+1)(k+2)(k+3)

= %k(k + 1) (k+2)(k+3) + et 1)(k: 2)(k+3) [using (1)]
= %(k + 1) (k + 2)(k + 3)(k + 4).
[using (1)]

~Pk+1):1-2-342-3-4+ -+ (k+1D)(k+2)(k+3)
1
= Z(k + 1)(k +2)(k + 3)(k + 4).
Thus, P(k + 1) is true, whenever P(k) is true.

P(1) istrue and P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have

1
1-2-3+2-3-4+-~~+n(n+1)(n+2)=Zn(n+1)(n+2)(n+3)
for all values of n € N.

Example 8: Using the principle of mathematical induction, prove that

1 1 1 1 n

1223 32" " s D "t

Solution: Let the given statement be P(n). Then,

+ ‘ + - 4+t '\ I
1-2 2-3 3-4 nn+1) @m+1)

P(n):

Putting n = 1 in the given statement, we get
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Thus, P(1) is true.
Let P(k) be true. Then,

P(k)-1+1+1++1—k (D
‘1-2 2-3 3-4 k(k+1) (k+1)
1 1 1 1 1
Now, =+ 5+ttt k(1) | (k+1)(k+2)
—{ ! i : + ! + et ! }+ !
12 2.3 3.4 k(k+1))  (k+1)(k+2)
_k N 1
T (k+1D) (k+D(k+2)
[using (1)]

_kk+2)+1  (k+1D?*  (k+1)
S k+ Dk +2) (k+D((k+2) (k+2)

. i i i _ 1 _ (k+1)
“Pk+1)is ot = (k+1)(k+2)  (k+2)’

Thus, P(k + 1) is true, whenever P(k) is true.

~ P(1)istrue and P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have

1 1 1 1

to—to—t -t

n
= foralln € N.
1-272-33-4 nn+1) n+l oo n

Example 9: Using the principle of mathematical induction, prove that

1 N 1 3 1 _— 1 _n
3.5 5.7 7-9 Cn+1)(@2n+3) 32n+3)

Solution: Let the given statement be P(n). Then,

1 1 1 n
+ + + ot = :
3:5 57 7-9 Cn+1)(2n+3) 3(2n+3)

P(n):

Putting n = 1 in the given statement, we get
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LHS =-—— == andRHS = ! _ 2
~3.5 15" T32x1+3) 15

~ LHS = RHS.

Thus, P(1) is true.
Let P(k) be true. Then,

1 1 1 1 k
T A v R ¢ o T Sk To T C G
1 1 1 1
Now, =+ 7+ + D T 2(k+D)+1}{2(k+1)+3}
—{ Lol ! }+ !
~13.575.7 2k + D2k +3)) " 2k + 3)(2k + 5)
k 1

=3k +3) T @kt k+ 5 Lwine D]

_ kQk+5)+3 (k*+5k+3)  (k+1)(2k+3)
30k +3)(2k+5) 3Rk+3)(2k+5) 3(k+3)(2k +5)

_k+1D)  (k+1D)
3k +5) 3{2(k+1)+3}

" 1

s Pt Dt et gt T G D T DRk F D + 3)
(et 1)

S 32(k+ 1)+ 3}

This shows that P(k + 1) is true, whenever P(k) is true. . P(1) is true
and P(k + 1) is true, whenever P (k) is true. Hence, by the principle of
mathematical induction, we have

1 N 1 | 1 .} 1 H =
3.5 5-7 7-9 2n+1)2n+3) 3(2n+3)

for all values of n € N.
Example 10: Using the principle of mathematical induction, prove that
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1 1 1 n(n + 3)

= for all
123 234 "TamiDm+2) mtrDmtz) A"
€ N.
Solution: Let the given statement be P(n). Then,
1 1 n(n + 3)

P(n):

123 234 "TamrDm+2 n+Dm+2)

Putting n = 1 in the given statement, we get

gL 1o 1x(43) _ 1x4 1
“1.2.3 6" “ax(1+D(1+2) 4x2x3 6
. LHS = RHS.

Thus, the given statement is true for n = 1, i.e., P(1) is true.
Let P(k) be true. Then,

1 1 k(k +3)

1
Pk): . a
173 734 " TkkrDktr2 krDk+ P
1 1 1 1
Now, o=+ o5+ k(D) (k+2) | (k1) (k+2)(k+3)

1 1 1 1
{1-2-3+2-3-4+'"+k(k+1)(k+2)}+(k+1)(k+2)(k+3)

C( k(k+3) 1 .
_{4(k+1)(k+2)+(k+1)(k+2)(k+3)} [using ()]
k(k +3)° +4 (k3 + 6k% + 9k + 4)

T4k + D(k+2)(k+3) 4(k+ 1)(k+2)(k +3)
e+ DU+ DR+ e+ D+ 4)
T4k +D(k+2)(k+3) 4k+2)(k+3)
1
Tt EREFDR T Dk +3)

P(k+1):1_2_3+2_3.4+

_k+ D+ 4
4k +2)(k+3)°

This shows that P(k + 1) is true, whenever P(k) is true. . P(1) is true
and P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have
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1 1 1 1
123 234325 "TamrDm+2)
_ n(n+3)
C4n+1D)(n+2)

for all values of n € N.

4.4 SUMMARY

So, in this unit we have learned about the Principle of Mathematical
Induction. We also discussed various examples to explore the induction.
This unit introduces the Principle of Mathematical Induction (PMI), an
important technique for proving mathematical statements involving positive

integers.

o It explains the basic idea and logical foundation of mathematical

induction.

e The Base Step is used to verify that the statement is true for the

initial value.

« The Inductive Step involves assuming the statement is true for an
arbitrary positive integer and proving that it is true for the next
integer.

e The unit explains how these two steps work together to establish the

truth of a statement for all positive integers.

e Various examples and problems are discussed to illustrate the

application of mathematical induction.

e The unit also helps learners develop a systematic and logical

approach to mathematical proofs.
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o By the end of the unit, learners should be able to understand, apply,
and use the Principle of Mathematical Induction to prove

suitable mathematical results.

4.5 GLOSSARY

Mathematical Induction: A method for proving statements for all
positive integers.

Proposition: A mathematical statement that can be proved true or false.
Base Case: The initial case verified in an induction proof.

Induction Hypothesis: The assumption that the statement holds for an
arbitrary integer.

Induction Step: The step proving the statement for the next integer.
Successor: The integer immediately following a given integer.
Inductive Proof: A proof using a base case and an induction step.

Principle of Induction: A principle stating that base case plus induction
step establishes a result for all relevant integers.

4.6 EXERCISES

By using principle of mathematical induction show that.

(3n%+3n-1)

L 1%+42%+3"+ - +n* =n(n+ 1HC2n+ 1)

2. L4 ti gy g
1.2 23 34 n(n+1) n+1

rn+1
== ,VneN,(r+1).

14+7r+r24ptrt=

7™ — 4™ is a multiple of 3 for all n € N.

52" — 1 is a multiple of 8.

o g ~ w

9™ — 4™ is a multiple of 5.
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BLOCKA-II: INTRODUCTION TO MATRIX
THEORY

UNIT 5 MATRICES: TYPES AND BASIC
PROPERTIES

STRUCTURE

5.1. Introduction

5.2. Objectives

5.3. Matrix: Definition and Types
5.4. Matrix Addition

5.5. Summary

5.6. Glossary

5.7. Exercises

5.8. Suggested Readings

5.1 INTRODUCTION

Welcome to the unit on Matrices - Types and Basic Properties! In this unit,
we will explore the fundamental concepts surrounding matrices, their
various types, and the essential properties that govern their behavior.
Matrices are foundational mathematical objects that find applications in
diverse fields ranging from mathematics and physics to computer science,

engineering, and economics.

Why Study Matrices? Matrices provide a structured way to represent and
manipulate complex data and relationships. Understanding matrices is
crucial for solving systems of linear equations, analyzing transformations,

and processing data efficiently in numerous real-world applications.

5.2 OBJECTIVES

After going through this unit, students will be able to
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» Define matrix and understand related terms
> Differentiate between various types of matrices

> Do addition of matrices

5.3 MATRIX: DEFINITION AND TYPES

Matrix: A rectangular array of mn numbers in the form of m horizontal
lines (called rows) and n vertical lines (called columns) is called a matrix

of order m by n, written as an m X n matrix.
Such an array is enclosed by [ ] or ().

Each of the mn numbers constituting the matrix is called an element or an

entry of the matrix.

Usually, we denote a matrix by a capital letter.

The plural of matrix is matrices.

Example
. [3 5 —4]. : , :
A= [0 1 9] is a matrix, having 2 rows and 3 columns. Its order is

2 X 3 and it has 6 elements.

9 4 V2 -1
(i)B=]1 8 -3 2| is a matrix, having 3 rows and 4 columns. Its
6 0 5 7

order is 3 X 4 and it has 12 elements.

How to Describe a Matrix?

In order to locate the position of a particular element of a matrix, we have
to specify the number of the row and that of the column in which the
element occurs.

An element occurring in the ith row and jth column of a matrix A will be
called the (i, j) th element of A, to be denoted by a;;.

In general, an m X n matrix A may be written as
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a1 A2 4g3 A1n
az1 QA3 Qzn
A= a;q ai» a3 e Qin = [aij]mxn'
A1 A2 Amz - A
. : . 3B =2 5
Example 1: Consider the matrix A = 6 9 1)

Clearly, the element in the 1st row and 2nd column is -2. So, we write
a12 == _2
Slmllal’|y, a1 = 3, aip; = _2, a3 = 5, a;1 = 6, Az, = 9 and ar3 = 1.

Example 2: Construct a 3 x 2 matrix whose elements are given by a;; =

(i +2j).
Solution: A 3 x 2 matrix has 3 rows and 2 columns.
In general, a 3 X 2 matrix is given by

a1 Qg
A=|0z1 Qap
az1  A3zl34,
Thusa;; = (i+2j)fori=1,23andj =1,2
N a11=(1+2><1)=3,a12=(1+2X2)=5,

a21=(2+2>(1)=4‘,a22=(2+2X2)=6,
a31:(3+2><1):5,a32:(3+2X2):7

3 5
Hence,A =14 6
5 7l3xz

Example 3: Construct a 2 X 3 matrix whose elements are given by a;; =
~|5i — 3j].

Solution: A 2 x 3 matrix has 2 rows and 3 columns.

In general, a 2 x 3 matrix is given by

_[a11 aiz a13]
QAz1 Q22 Qz3l345

Thus, a;; = - |5i — 3j| where i = 1,2and j = 1,2,3.
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1 1
v aqq |5><1—3><1| E 12| = —><2—1
5x1—-3x%2 L 5—6 L 1 L 1 1
X — X — — = —.| — =—X — —
ain | | = 2| | 2| | 5 X
1 1 1
a3 |5><1—3><3| E |5—9|=E-|—4|=§X4=2;
5x2-3x1 . 10 — 3 } 7 L 7 7
X - X - —_— = — :_x —_ —
az, | | = 2| | 2|| 5 57
1 1 1
as, |5><2—3><2| E |10—6|=E-|4|=EX4=2,
5x2—-3x%3 L 10 9—1 1—1><1—1
i =5l |=5-110-9=Z- 1] =5x1=3
1
1 > 2
Hence, A = 7 1l
Z 2 Z
2 2

Example 4: If a matrix has 12 elements, what are the possible orders it
can have?

Solution: We know that a matrix of order m X n has mn elements.
Hence, all possible orders of a matrix having 12 elements are
(12x1),(1x12),(6%2),(2x%x6),(4x3)and (3 x 4).

Types of Matrices

Row Matrix: A matrix having only one row is known as a row matrix or a
row vector.

Examples

(i) A=[5 18] isarow matrix of order 1 x 2.

Column Matrix: A matrix having only one column is known as a column
matrix or a column vector.

Examples
2
(i) A= 7]isacolumn matrix of order 3 x 1.
-3

(i) B = [Z] is a column matrix of order 2 X 1.
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Zero or Null Matrix: A matrix each of whose elements is zero is called a
zero matrix or a null matrix.

: 0 0 0 0 O
Examples The matrices [0], [00],[0 O] and [0 0 0

of order (1 x 1), (1 x 2),(2 x 2) and (2 x 3) respectively.

] are null matrices

Square Matrix: A matrix having the same number of rows and columns is
called a square matrix.

A matrix of order (n X n) is called a square matrix of order n or an n-
rowed square matrix.
A matrix of order m X n, where m # n, is called a rectangular matrix.

Examples
(1) The matrix [2 _g] IS a 2-rowed square matrix.
5 3 6
(ii) The matrix | 7 \/17 —4] is a 3-rowed square matrix.
-9 - 0

3

Diagonal Elements of a Matrix: Let A = [a;;] beanm x n matrix.

Then, the elements a;; for which i = j, are called the diagonal elements of
A.
Thus, the diagonal elements of 4 = [aij]mxn are a1, ayy, Az3, dgg, €LC.

The line along which the diagonal elements lie is called the diagonal of the
matrix.

3 2 -1

5
Example LetA = |[V5 < 7
6 —4 V2

Then, the diagonal elements of A are:

a1 = 3,(122 =§,a33 = \/E

Diagonal Matrix: A square matrix in which every nondiagonal element is
zero is called a diagonal matrix.
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If A=a;]  beadiagonal matrix then a;; = 0 when i # j and we

nx
write it as

A = dlag [all, azz, a33, 9 ann].

6 0 0
Example Let A= |0 4 0]. Then, A is a diagonal matrix.
0 0 -2

We may write it as, A = diag [6,4, —2].

Scalar Matrix: A square matrix in which every nondiagonal element is
zero and all diagonal elements are equal is known as a scalar matrix.

Examples
A= [5 O] is a scalar matrix of order 2 .
0 5
-3 0 0
@(i)B=] 0 -3 0}isascalar matrix of order 3 .
0 0 -3

Unit Matrix: A square matrix in which every nondiagonal element is 0
and every diagonal element is 1 is called a unit matrix or an identity
matrix.

Thus, a square matrix [a;;] s a unit matrix if

_ {O when i # j,
% =11 wheni = j.

A unit matrix of order n will be denoted by I,, or simply by 1.
Examples

L= [(1) (1) IS a unit matrix of order 2.

1 0 O
(i)I3; =10 1 0fisaunitmatrix of order 3.
0 0 1

Comparable Matrices: Two matrices A and B are said to be comparable
if they are of the same order, i.e., they have the same number of rows and
the same number of columns.
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3 7

0
1 4 — ]arecomparable

Example A = [?) _g é] and B = [

matrices, each being of order (2 x 3).

Equal Matrices: Two matrices A and B are said to be equal, written as
A = B, if they are of the same order and their corresponding elements are
equal.

y Z

1 7r

Solution: Since the corresponding elements of equal matrices are equal,
we have

Example 1: Find x, y, z when Lsc 3] = [

5 31_[Y 2z _ ) 5
‘7 —[1 7](:)x—1,y—5andz—3.

e xX—y 2x+z —
Example 2: Find x, y, z, w when 2x—y 37+ W] [ 0 13
Solution: We know that in equal matrices, the corresponding elements are
equal.

xX—y 2x+z] [_
2x—y 3z+w 0 13
ox—y=-12x—y=02x+z=5and 3z +w = 13.
Solving the first two equations, we get x = 1 and y = 2.
Puttingx = 11in2x+z =5, we get z = 3.

Puttingz =3in3z+w =13, we getw = 4.
~x=1ly=2z=3andw = 4.

0 0
Example 3:[8 8 8 # 10 O].Why?
0 0

Solution: Since the given null matrices are not comparable, they are not
equal.
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Check Your Progress

1.IfFA=[[2,3],[1,4]] and B=[[5, 1], [2, 3]], find A + B and 2A — B.

3. Determine whether A = [[3, 0], [0, 3]] is a diagonal and scalar matrix.
State the result from the entries.

5.4 ADDITION OF MATRICES

Let A and B be two comparable matrices, each of order (m x n). Then,
their sum (A + B) is a matrix of order (m x n), obtained by adding the
corresponding elements of A and B.

Thus, if A = [a;;] and B = [b;] then

mxn

Remark: For two matrices A and B, the sum (A4 + B) exists only when A
and B are comparable.
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3 45

) _[2 1 —
Example 1: If A = [O 4] and B = [1 5 3
of order 2 x 2 and 2 x 3 respectively.
So, A and B are not comparable.

Hence, A + B is not defined.

] then 4 and B are matrices

Example 2: Let A = [g g :5] and B = [_1} _?) _Z]

Clearly, each one of A and B isa 2 X 3 matrix.
So, A and B are comparable matrices.
~ A + B is defined.

C[5+4  0+4(=3) —2+(=6)
NW“A+B‘¢3+(—D 240  —7+4
[P -3 8
2o Lglhi

Some Results on Addition of Matrices
Theorem 1: Matrix addition is commutative, i.e., A+ B = B + A for all
comparable matrices A and B.

Proof: LetA = [a;;] ~and B =[b;]| . Then,

A+B aU] +[b ij]an

=
[a + bl ]] by the definition of addition of matrices |
=
= [b;

b;j + a; J] *+ addition of numbers is commutative |

Lmn [d =B+A

Hence, A+ B =B + A.
Theorem 2: Matrix addition is commutative,

ie,(A+B)+ C = A+ (B + C) for all comparable matrices 4, B, C.

Proof: LetA = [a;] ,B=[b;] andC=[c;] . Then,
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A+B)+C = ([aij]mxn + [bij]mxn) +el
= lay + by, + levi]
= [(aij + i) + 5],
= [ai; + (byj + cij)]

mxn

[+ addition of numbers is associative ]

=lay] ., + b +el
= [aij]an + ([bll] + [Cij]an) =A+ (B + C)

Hence, (A+B)+C =A+ (B + ().
Theorem 3: If A is an m X n matrix and O is an m X n null matrix then

A+0=0+A=A.

Proof: Let A = [aij]mxn and 0 = [bij]mxnf

where b;; = 0 for all suffixes i and ;.
Then,

A+0 =A.

~A+0 =A.

Similarly, 0 + A = A.

Hence, A+ 0 =0 + A = A.

Remark: The null matrix O of order m X n is the additive identity in the
set of all m X n matrices.

DSy 4
LA 3

0 0 O

Example 3: Let 4 = [ 00 0

] and 0 = [ ] then verify that

A+0=0+A=A.

Solution: Clearly, each one of A and O is a matrix of order (2 X 3).
So, (A+ 0) and (0 + A) are both defined.
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3 5 4 0 0 0
_12—3+[000
340 5+0 4+0 3 5 41
140 240 —3+0+[1 2 —]_A'

A+0
Now,

And,

o+a =[g o o+l 3 24

_[0+3 0+5 0+4 ]_p3 5 4]_A
~[0+1 0+2 0+(=3)f L1 2 -3

Hence, A+ 0 =0+ A = A.

Negative of a Matrix: Let A = [a;;] - Then, the negative of A is the

mx

matrix (—A) = [~ay;] ., obtained by replacing each element of A with

i its corresponding additive inverse. (—A) is called the additive inverse of
A.

_ [3 -2 0], .. .
Example 4: If A = [_5 . ﬁ],flnd( A) and verify that
A+ (—A)=(-A)+A=0.
Solution: Clearly, we have:
-3 2 0
(_A)_[ 5 —7 —\/E]
[ 3 =2 0]+[—3 2 0]
-5 7 V2 5 -7 —V2
34(=3) —-2+2 040 _[0
—5+5 74+(=7) V2+(=V/2)| o

A+ (=4)

0 o=

And,(—A)+A=[_§ _27 _3§]+[_§ _3 \?E]

| =3+3 2+4(=2) 0+0 [ 0 0 0
_l5+(—5) ~7+7 —\/E+\/§I_[o 0 0

Hence, A+ (—A) = (-4) + A = 0.
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Solved Examples

2 3 5

Example 1: Let A = [_1 0 4

A+B=B+A.

] and B = [g _2 _3]. Verify that

Solution: Here, Aisa 2 X 3 matrix and B isa 2 X 3 matrix. So, A and B
are comparable.

Therefore, (A + B) and (B + A) both exist and each isa 2 X 3 matrix.
Now,

ave=[5 5 3+ Te
[ 2+4 3+(-2) 5+3 _[6 1 8

|1-14+42 0+6 4+ (-1 11 6 31

And,

pea =l 7¢ l+li o .

[4+2 -2+43 3+5 _[6 1 8
“124(-1) 640 (-D)+4] 1 6 3I

Hence, A+ B = B + A.

1 -2 3 1 4 3
Example2: LetA=|5 4|,B=| 0 2|andC=|-2 2|.
3 0 -3 5 1 6

Verify that (A+B) + C = A+ (B + C).

Solution: Clearly, each one of the matrices 4, B, C is a (3 X 2) matrix. So,
(A+B)+ Cand A + (B + C) are both defined and each oneisa 3 x 2
matrix.

1 3 1
Now,(A+B)= |5 4(+| 0 2
3 0 — B>
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143 =21 4 -1
= |540 442 |[+]5 6].
3+(=3) 0+5 0 5
4 —1 4 3
~ (A+B)+C =[5 6|+|—-2 2
L0 5 1 6
4 + 4 =1+4:3 8 2
=154+ (—2) 6+2 =[3 8].
0+ 1 546 1 11
3 1 4 3
Also, (B+C) = [ 0 2|+|-2 2
-3 5 1 6
[ 3+ 4 1+3 7 4
=10+ (-2) 2+2 =[—2 4]
| -3+1 546 -2 11
[1 -2 7 4
~A+(B+C) =[5 41+ -2 4]
K] 0 -2 11
14+ 7 —24+4 8 2
3+(—-2) 0+11 1 11

Hence, (A+B)+C=A+ (B + ().
Example 3: Find the additive inverse of the matrix A = LZL _g _0].

Solution: Clearly, the additive inverse of the given matrix A is the matrix
—A, given by

2 —(=5 0 _
A=y (—3) —(—1)]=[—42} —g (1)'

Subtraction of Matrices: If A and B are two comparable matrices then
we define

(A—B)=A+ (-B).

Example 4: If A = [3 _3 1] and B = [41} 32; :i] find (A — B).
o 4l

Solution: We have, (—B) = [:i
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~(A=B) =A+(-B)
ol A B R

2+ (-1) -3+(-2) 1+3 _[ -5 4]

“lo+(=4) 7+(-8) -9+4]" -1 -
Hence, (A — B) = [ i :i _g]
Example 5: If [a + 4 3b [Za +2 ab—+82b]’ then find the value of
(a —2b).

Solution: Comparing the corresponding elements of given equal matrices,
wehavea+4=2a+23b=b+2anda—8b = —6.
From these equations, we geta = 2 and b = 1.

s(@a—2b)=Q2-2x1)=(2-2)=0.
Example 6: If [_2 _1 g] =A+ [(1) i _é] then find the matrix A.

Solution: Clearly, we have

-2 13l 3 7ol

N L |

Scalar Multiplication: Let A be a given matrix and k be a number. Then,
the matrix obtained by multiplying each element of A by k is called the
scalar multiple of A by k, to be denoted by kA.

If Aisan (m X n) matrix then kA is also an (m x n) matrix.
IfA=]ay] thenkA=[k-a;|

Example 7 If A = [2 ‘3] find (i) 34
(i) ;A
(iii) —24.

Solution: We have:
3:5 3:-4 3~(—2)]_15 12 -6
. =

i) 34 = |
034=13.6 3.(-1) 3.7 18 -3 21
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) 2 -1
(i) 34 =

NIRNI|R
NIk N]|=
W nv»

5 1.4 - (~2)
6 =-(=1) =7 B _% .

_ (=25 (=2)-4 (-2)-(-2)
i) -24= 4= ) ¢ oy 1y ()7

4 [—10 -8 4]
—-12 2 —141°
Properties of Scalar Multiplication

Theorem 1: If 4 and B are two matrices of the same order and k is a
scalar then prove that k(A + B) = kA + kB.

NIRrN|R

Proof: LetA = [a;;] ~and B =[b;] . Then,

mx

k(A+B) =k- ([aij]mxn +[by] )
= k- |ai; + by]

= [k(ai j + b j)]mxn [by definition of scalar multiplication]

[by definition of addition of matrices]
mxn
= [k-a;; + kb j]mxn [by distributive law]

=[k-ayl . + k- byl
= kA + kB.

mxn

Hence, k(A + B) = kA + kB.

Theorem 2: If A is any matrix and k,, k, are any scalars then prove that

(ii) k1 (k2 A) = (k1ky)A.

Proof: Let A = [a;;]

(i)

(k1 +k)A = (kg +ky) - [aij]
= [(ky + k2) - @ f]mxn [by definition of scalar multiplication]

. Then,
n

mxX

mxn

= ks aij+ky - j]mxn [by distributive law]
= [ky -]+ k2 - ay]

mxn

[by definition of addition of matrices]
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= klA + sz
(i)
ki(kA) =k [kz ¢ aij]mxn = [kl(kz ) aij)]mxn
= [(kiky) - ay]

mxn
[by associativity of multiplication in numbers]

= (kik>) - [aij]mxn = (kik3) A.
Hence, k,(k,A) = (k k;)A.

Solved Examples

cwa_[3 5 _[6 =41 & B
Example 1: If A = [7 _9] and B = [2 3], find (44 — 3B).
Solution: (4A —3B) = 4A + (—3B).

4-3 4.5 12 20
Now, 4“1:[4-7 4-(—9)]:[28 —36l°
_ _[CR6 (-3 (4] _[-18 12
And,—33-(—3)-B—[(_3).2 (3).3 ]_[_6 o)
# 4A—3B =4A+ (-3B)
_[2 20), 718 12
28 —36) "l —6 -9
C[124(-18)  20+12] [-6 32
=| 28+ (-6) —36+(—9)]_[22 5]’

Hence, (44 — 3B) = [;g _ié]

Example 2: Let A = diag [3,—5,7] and B = diag [—1,2,4].
Find (i) (A + B) (ii) (A — B) (iii) =54 (iv) (24 + 3B).

Solution: We have

3 0 0 -1 0 O
A=|0 -5 O|landB=| 0 2 O0f.
0 0 7 0 0 4
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3 0 0] [-1 00 [2 0 0
~()A+B=0 =5 o|+]| o 2 0]=[0 -3 o].
0o 0 7 oo 4 lo o 11
(i) (A— B) = A+ (-B)
3 0 0] [L 0 0 [4 0 0
=0 -5 o|+|0 -2 0]=[0 —7 o].
o o7 lo o -4 lo o 3

3 0 0] [-15 0 0
(iii) =54 = (=5)- A = (=5)- [0 -5 o]z[ 0 25 0].

[0 0o 7 0 0 -35
6 0 0} -3 0 0 3 0 0
(ivy24+3B=|0 —-10 O|+| 0 6 of=|0 —4 o0
0 0 14] 0O 0 12 0 0 26
. Qi . cos 8 sin @ 4
Example 3: Simplify cos 6 - [—sin 0 cos 9] + sin 6 -

[sin 6 —cos 9]
cos 6 sin 61

Solution: We have
:[1 0
0 1l1°

Example 4: If 2 [g ;‘;] + [(1) 31/] = [1(7) (5)] find (x — ).

Solution: We have

2=l =Ly s
= [16() 28x]+[(1) )1]:[170 g

6+1 84+y1_[7 O

10+ 0 2x+1]_[10 5]
= 2x+1=5and8+y=0

=>x=2and y = —8.

> (x—y) =2—(-8) = 10.
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Example 5: Find a matrix X, if X + [ ] [5 —8

Solution: Let 4 = [_g g] and B = [5 _6].

Then, the given matrix equation is X + A = B.

“X+A=B>X =B+ (-4

=[5 T+ 3

_[B+ (9 —6+( 6)]_[—1 —12
~|I5+3 -8+ (-7 —151"
Hence,Xz[_é :1;

Example 6: Find a matrix X such that 2A + B + X = 0, where A =
-1 2
[ 3 4] and

- [ 5]

Solution: We have

20+B+X =0>X=—(24+B).
Now, (2A+B) =2- [; ] [1 vl
- &+l 73
J[2E3 AR 7
6+1  8+5l 17 13
x=-4+B) =[11 7]

Example 7: Find matrices X and Y, if X + Y = [g g] and X -Y =

[o il

Solution: Adding the given matrices, we get
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a+m+@—n=B Q+B_ﬂ
543 246

0+0 9+ (—1)

> =3 J=x=5[3 =[5 3

= 2X=[

On subtracting the given matrices, we get

@+m—@—m=g S—B_ﬂ

s 2 P e
1 _ -
= v=3[¢ Tol=[ ~&

1 —2]

Hence,X=BL ﬂandY=[O c|

5.5 SUMMARY

So, in this first unit we have learned about:

» Matrix and their types
» When and how matrices can be added

» Matrix equation with addition and subtraction

5.6 GLOSSARY

Matrix: A rectangular arrangement of numbers or elements in rows and
columns.

Order of Matrix: The number of rows and columns of a matrix.

Row Matrix: A matrix having only one row.

Column Matrix: A matrix having only one column.

Square Matrix: A matrix having the same number of rows and columns.
Zero Matrix: A matrix whose every element is zero.

Diagonal Matrix: A square matrix whose off-diagonal elements are zero.
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Identity Matrix: A square matrix with ones on the main diagonal and
zeros elsewhere.

5.7 EXERCISES

4 -2 6 1
1 fA=|7 5 8 —3] then write
9 8 4 3

(i) the number of rows in A4,

(i) the number of columns in A,
(iii) the order of the matrix A4,

(iv) the number of all entries in A4,

(v) the elements a,3, asq, a4, a3z, a,, of A.

2 Write the order of each of the following matrices:

15 4 -2
mA_b9 _1 5]
6 —6
.. 1 3
(II)B = E Z

9 —1

ii)c=[7 -12 5 0
(v)D=[8 —2]

(VE =

(vi) F = [8]

3 If amatrix has 12 elements, what are the possible orders it can

have?
4 Find all possible orders of matrices having 7 elements.

5 Construct a 3 X 2 matrix whose elements are given by a;; = (2i +

J)-
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10

11

12

13

14

15

16

. . i+J
Construct a 4 X 3 matrix whose elements are given by a;; = lj—’

. i+3))2
Construct a 2 X 2 matrix whose elements are a;; = @ 2’) .

i 1\2
Construct a 2 X 3 matrix whose elements are a;; = a 2’ z

. . 1
Construct a 3 X 4 matrix whose elements are given by a;; = 5| —

3i +j|.

[ 2 =35 L (752 =2 :
IfA—[_1 3 3]andB—[4 _3 1],verlfythat(A+
B) = (B + A).

3 5 -3 -3 2 2
IfA=(4 o0|,B=| 3 2|andC =|3 —4]|, verify that
6 —1 -2 3 1 6

(A+B)+C=A+ (B+0).

3 1
I

0 4

ifa=| -

ZlandB = [_E | find (24 - 3B).

Let4 = [é LZL]B = [_; 2] and C = [g i] Find:
()A+ 2B

(i) B — 4C

(i) A—2B +3C

leta=[2 3 Z9.B=[; 5 Tg]andc=

2 =5 1
[_4 0 6].ComputeSA 3B + 4C.

If 54 =

5 10 -15
25 20 101, find
10 RO FSS5

Find matrices 4 and B, if
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17

18

19

20

21

22

1 4 2 -5 —4 8
A+B=1|5 4 —6]andA—B= 13 2 O].
7 3 8 -1 7 4
) ) . 3 5 —9 _[6 2 3
Find matrix X, if 1 2 _7]+X—[4 8 6
-2 3] 5 2
IfA=| 4 5/and B = [—7 3], find a matrix C such that
1 -6l 6 4
A+B—-C=0.
Find the matrix X such that 24 — B+ X = O, where A = [(3) %
-2 1
and B = [ 0 3l
IfA = [1 ] and B = [2 a ] find a matrix C such
2 -1

that (A+ B + C) IS & zero matrix.

If A = diag [2,—5,9],B = diag [—3,7,14] and C = diag [4,—6,3],
find diagonal of

(i)A—2B

(i) B+C—2A

(iii) 2A+ B — 4C.

Find the values of x and y, when

OLZ3)= [
()[2x+6 S 7] [x—3 ;

R S e e A
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5.8 SUGGESTED READINGS

1. Narayan Shanti and Mittal P.K., A Textbook of Matrices, S.
Chand, 2010.
2. Hari Kishan, A Textbook of Matrices, Atlantic, 2023.
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UNIT 6 MATRIX MULTIPLICATION AND
DETERMINANT

STRUCTURE

6.1. Introduction

6.2. Objectives

6.3. Matrix Multiplication
6.4. Determinant

6.5. Summary

6.6. Glossary

6.7. Exercises

6.8. Suggested Readings
6.1 INTRODUCTION

Welcome to the world of matrices, where numbers are organized into rows
and columns to solve complex problems and model real-world situations.
In this unit, we will embark on a journey to explore two fundamental

concepts in linear algebra: matrix multiplication and determinants.

Matrices serve as powerful tools in various fields, from mathematics and
computer science to engineering and economics. Understanding how to
manipulate matrices through multiplication opens doors to solving systems
of equations, transforming geometric shapes, and analyzing data.

Additionally, determinants provide essential information about the
properties and behavior of matrices. By learning to compute determinants,
we gain insights into the invertibility of matrices and their geometric

significance.
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6.2 OBJECTIVES

The objective of this unit is to provide students with a fundamental
understanding of matrix multiplication and determinants. By the end of this

unit, students should be able:

» to perform matrix multiplication, compute determinants of matrices
» to understand their significance in various mathematical and real-

world applications.

6.3 MATRIX MULTIPLICATION

For two given matrices A and B, we say that the product AB exists only
when the number of rows in A equals the number of columns in B.

When AB exists, we say that A is conformable to B for multiplication.

and c;; = (2 ndrow of A) X (2 nd column of B)
= Az1b12 + a2b27 + az3b3;.

bll b12
b21 b22
b31 b32

_ [a11b11 + ay3by1 + ay3b3y  ay1byy + agabyy + a13b32]
Az1b11 + Azzb21 + Ay3b3y  Az1b13 + Azbep + Ag3bs;

a1 Qg2 a13]

-~ AB =[
ay dpz dzz

Again, B isa 3 x 2 matrix and A is a 2 X 3 matrix. So, BA exists and it is
a 3 X 3 matrix.

Proceeding as above, we get

b1 b1z

—{p A1 Q12 413
b b 21 22 23
1031 32

'b11G11 + b12021  b11Gq3 + bixa3;,  by1ag3 + bypasns
= |by1a11 + b22031  by1a45 + byyaz,  bayag3 + byrasgs|.
[b31a11 + b3pay1  b31aq; + b3aay;  biiags + bipags
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2 -1
Example 1: IfA=|3 4
1 5

Solution: Here A isa 3 x 2 matrix and B isa 2 X 2 matrix.

and B = [_; ﬂ find AB. Does BA exist?

Clearly, the number of columns in A equals the number of rows in B.

~ AB exists and itis a 3 X 2 matrix.

2 -1, .
Now, AB =
ow i zSL[ , 1]

2. (=) +(=1)-2 2:-3+(-1)-1
=| 3. (-1)+4-2 3-3+4-1
1-(-1)+5-2 1-3+5-1

—4 5
_|7s 13].

L 9 8

Further, Biisa 2 X 2 matrix and A is a 3 X 2 matrix. So, the number of
columns in B is not equal to the number of rows in A.

So, BA does not exist.

3

1 2
4 5]|.Find AB and BA,
1

Example 2: Let A = [_4

_g g] and B =

and show that AB # BA.

Solution: Here 4 isa 2 X 3 matrix and B isa 3 X 2 matrix.
So, AB exists and itis a 2 X 2 matrix.

Now,

2 3
11 -2 3
IR (EE
1-2+(=2)-4+3-(-2) 1-34+(-2)-5+3-1
[(-4)-24+2-4+5-(-2) (-4)-3+2-5+5-1
_[-12 —4]
—10 31"
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Again, Biisa 3 x 2 matrix and A isa 2 X 3 matrix.
So, BA exists and it is a 3 X 3 matrix.

Now,

(23

_ >
Ba -5 i][—z} 25
[ 2-143-(—4)  2-(=2)+3:2  2-343-5
=| 4145-(-4 4-(-2)+5-2  4-3+5.5
(-2) 141-(=4) (=2)-(-2)+1:2 (=2)-3+1-5

[—10 2 21
=|-16 2 37].
[ -6 6 -1

Hence, AB # BA.

Example 3: If [2x 4] [_g] = 0, find the positive value of x.

Solution: The given matrix equation is AB = O, where Aisa (1 x 2)
matrix and B is a (2 x 1) matrix. So, AB is a (1 x 1) matrix.

So, O isa (1 x 1) matrix.

X
s [2x 4l] g =10]
= 2x?—32=0=2x* =32
=>x?=16=x =16 = 4.

Hence, x = 4.

Properties of Matrix Multiplication

P 1: Matrix multiplication is not commutative in general.

Proof: Let A and B be two given matrices.
If AB exists then it is quite possible that BA may not exist.
For example, if A isa 3 X 2 matrix and B isa 2 X 2 matrix then clearly,

AB exists but BA does not exist.
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Similarly, if BA exists then AB may not exist.

For example, if Aisa 2 x 3 matrix and B isa 2 X 2 matrix then clearly,
BA exists but AB does not exist.

Further, if AB and BA both exist, they may not be comparable. For
example, if Aisa 2 x 3 matrix and B is a 3 X 2 matrix then clearly, AB as
well as BA exists. But, AB is a 2 X 2 matrix while BA is a 3 X 3 matrix.
Again, if AB and BA both exist and they are comparable, even then they

may not be equal.

1 2
0 3

defined and each one is a 2 X 2 matrix.

3 5
3 6l

For example, if A = [1 ;] and B = [ ] then AB and BA are both
But, 4B = [1 g] and BA =

This shows that AB # BA.
Hence, in general, AB # BA.

REMARKS (i) When AB = BA, we say that A and B commute.

(i) When AB = —BA, we say that A and B anticommute.

P 2. Associative

For any matrices 4, B, C for which (AB)C and A(BC) both exist, we have

(AB)C = A(BC).

P 3: Distributive laws of multiplication over addition We have:
(A-(B+C)=(AB+ A0C)
(i) (A+B)-C = (AC + BC)

P 4: The product of two nonzero matrices can be a zero matrix.
: _J0 1 i

Example: Let A = [O 2] and B = [O ol

Then,A # O and B # 0.

-3 3] 203108 308
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_ [O 0 ;
0 0

Left zero divisor If AB = O and A # O then A is called a left zero divisor
of AB.
Right zero divisor If AB = O and B # O then B is called a right zero
divisor of AB.
P 5: If A is a given square matrix and I is an identity matrix of the same
orderas Athenwehave A- I =1-A = A.

P 6: If A is a given square matrix and O is the null matrix of the same
orderasAthen0-A=A-0 =0.

Positive Integral Powers of a Square Matrix

Let A be a square matrix of order n. Then, we define:

A> =A-A;
B —AA-A=A -4
A* =A-A-A-A= A3 A andsoon.

LAY =(A-A-A- .. -ntimes).
Theorem 1: If A and B are square matrices of the same order then
(A+B)? =A%+ AB + BA + B2,

Also, when AB = BA then (A + B)? = A% + 2AB + B2.

Proof: Let A and B be n-rowed square matrices.

Then, clearly, (A + B) is a square matrix of order n.

So, (A + B)? is defined.

Now, (A+B)2=(A+B) - (A+B)
=A-(A+B)+B-(A+B) [by distributive law]

= AA + AB + BA+ BB [by distributive law]
= A% + AB + BA + B>.
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Hence, (A + B)? = (A% + AB + BA + B?).
Particular case When AB = BA

In this case, we have
(A+ B)? = (A + AB + AB + B?) = (A*> + 2AB + B?)[+ BA = AB].
Theorem 2: If A and B are square matrices of the same order then
(A+ B)(A—B) = A> — AB + BA — B2

Also, when AB = BA then (A + B)(A — B) = A*> — B2,
Proof: We have:
(A+B)-(A—B) = A(A—-B)+ B(A— B) [ by distributive law ]

= AA—AB +BA—BB [+ A(B - C) = AB — AC]
= A2 — AB + BA — B2.

Hence, (A+ B)(A—B) = A> — AB + BA— B2,

Particular case When AB = BA

In this case, (A + B)(A — B) = (A?> — B?) [ BA = AB].

Matrix Polynomial: Let f(x) = apx™ + a;x™ ! + a,x™ 2 + -+ +
Am-1X + a,, be a polynomial of degree m and let A be a square matrix of

order n. Then, we define
f(A) = apA™ + @, A"+ @A™ 2+t a1 A+ apl,

where [ is a unit matrix of order n.

Solved Examples

345 S

Examplel:IfAz[; g]andB=[6 8 4

], find AB and BA

whichever exists.
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Solution: Here, Aisa 2 X 2 matrix and B is a 2 X 3 matrix.
Clearly, the number of columns in A = number of rows in B.

~ AB exists and itis a 2 X 3 matrix.

5 4113 5 1
AB 12 3[6 8 4

5.-3+4-6 5-54+4-8 5:-1+4-4
23436 2:5+3-8 2:-1+3-4
154+24 25432 5416 2[39 57 21
[6+18 10+24 2+12 24 34 141

Again, B isa 2 x 3 matrix and A isa 2 X 2 matrix.
~ number of columns in B # number of rows in A.

So, BA does not exist.

2 3

Example 2: If A = [_i _é i] and B = [4 —2] then find AB and
1 5

BA.
Show that AB + BA.

Solution: Here, A isa 2 x 3 matrix and B is a 3 X 2 matrix
So, number of columns in A = number of rows in B.

~ AB exists and it is a 2 X 2 matrix.

2o
-4 5 | ¢

[2-2+(—1)~4+3-1 2:34+(-1)-(-2)+3-5
—4-245-4+41-1 —4-3+5-(=2)+1-5

LAY i AN 2
—-8+20+1 -12—10+5l " l13 -17F

Again, Biisa 3 x 2 matrix and A isa 2 X 3 matrix.
So, number of columns in B = number of rows in A.

~ BA exists and it is a 3 X 3 matrix.
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2 3
2 -1 3
BA =4 -2
1 5][_4 5 1
(2.2 43 (—4) 2-(-1)+3-5 2-3+3-1
=142+ (=2)-(-4) 4-(-1)+(-2)-5 4-3+(-2)-1
1245 (—4) 1-(=1)+5-5 1-3+45-1
4—-12 —2+15 6+3 -8 13 9
=|8+8 —-4-10 12-2 16 —14 10|.
2-20 —1+25 3+5 18 24 8
Clearly, AB # BA.
1 -1 2 3 1
Example3: IfA=| 3 2 0,B=[ 0 2]andC=[§ o
-2 01 -2 5

then verify that (AB)C = A(BC).

Solution: We have

1 -1 21 3 1
AB=| 3 2 0] 0 2]
-2 0 1ll-2 s
3—-0—-4 1-2+410 -1 9
=| 9+40-0 3+4+0 =[ 9 7]
—64+0—2 —-2+40+5 -8 3
“1 9 4 3
:;(AB)Cz[ 9 7|3 o _1
-8 3
2427 —-1+40 3-9 25 -1 —6
=|(18+21 940 —27—7]=[39 9 —34].
-164+9 -840 24-3 -7 -8 21
3 1
Also, BC=]| 0 2]3 3 _i
-2 5 i
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= A(BC)

[ 2
3

-2

Hence, (AB)C = A(BC).

Example 4: If A =

643 340 -9-1 9 3 —10
046 040 0—2]=[6 0 —2]
4415 -2+0 6-51 l11 -2 1
1 -1 2119 3 —10
Yy 0”6 5 —2]

o 1l11 —2 1
9—6+22 3-0-4 —10+2+2
27+1240 9+40-0 —30—4+0
1840+11 —6+0-2 20—0+1
5 -1 —6
9 9 —34].
7 -8 21
3 2 1 -2 5 8 1 -6
1 0]’32[0 7 3]a”dcz[2 —5 0]’

verify that A(B + C) = (AB + AC).

Solution: We have

a0 =[; ol{ly 7 3+l s ol
_ I3 2][9 -1 —1]
1 ollz2 2 3
[3:9+2-2 3-(-D)+2-2 3-(-1)+2-3
“11:940-2 1-(-1)40-2 1-(-1)+0-3
_B31 1 3].
L9 -1 -1
Now, 45 =[3 gy 7 3
_[3-1+2-0 3:(=2)+2-7 3-5+2-3
“11-1+0:0 1-(-2)+0-7 1-5+0-3
2[3 8 21]
1T E2Ad 51
and,ac=[1 oll; 5 7ol
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[3-8+2-2 3-1+2-(=5) 3-(—6)+2-0
“[1-840-2 1-14+0-(=5) 1-(=6)+0:0
(28 -7 -18
g 1 =6l
3 8 211 [28 -7 —18
u(AB—FAC)—[l E, +[ i B
P11 ﬂ
9 1 -1l

Hence, A(B + C) = AB + AC.
Example 5: Give an example of two matrices A and B such that A #
0,B # 0 and AB = BA = 0.

Solution: Let 4 = H ﬂ and B = [ 1 _ﬂ Then,

o <
:'1—1 -1+1 :[O 0
11-1 —-1+1 0 0
and BA =:_i _ﬂﬁ 1
 1-—1 1-1 _[0 0

—-1+1 —-1+11 Lo ol

Thus, A # 0,B # 0.
But, AB = BA = 0.

2 .
Example 6: If 4 = | €0s™ 0  cos Osin 0] \nqp
P [cos fsin 6 sin? 6 ]
cos? ¢  cos ¢sin ¢

, show that AB is a zero matrix if 8 and
cos ¢sin ¢ sin? ¢ ¢

differ by an odd multiple of g
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Solution: We have

AB = [ cosz.H cos.Hsin 6” C052.¢ cos.qbsin ¢
cos fsin 6 sin? 6 cos ¢sin ¢ sin? ¢

_ [cos? 6cos* ¢ + cos Bsin Ocos ¢sin ¢

B [cos fsin Gcos® ¢ + sin? Ocos ¢psin ¢

cos? Gcos ¢sin ¢ + cos Osin Gsin? ¢

cos Osin Ocos ¢psin ¢ + sin? Gsin? ¢

cos 8 cos ¢p-cos(@—¢) cos 8 sin ¢-cos(0—¢)
[sin 6 cos¢p-cos(0—¢) sin 8 sin ¢ -cos (60— ¢)
10 071[+ (6 — ¢) being an odd multiple of (7/2),

_[0 0” we have cos (6 — ¢) = 0]~

Example 7: If A = [_i _g] show that A> — 54 — 141 = 0.

Solution: We have

S |

_[3:3+ (54 3-(-5+(5-2]_r1 29 -25].

" |-4-34+2-(—4) —4-(-5)+2-2] 20 24V

3 -5 -15 25

-4 :(_5)[—4 2]:[ 20 —10l’

=l = 0)

o~ A2 —5A4—141 = A?+ (=5)A+ (14D
29 —251 , [—-15 25 —14 0
—1-20 24] +[ 20 —10 +[ 0 —14]
_[29+ (=15) + (-14) —254+2540
y —20+20+0 24+ (—10) + (—14)
_[0 0]
0 ol

Hence, A2 — 54 — 141 = 0.

Example 8: If A = [_1 (7)] find k so that A2 = 84 + kI.
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Solution: We have

AZZ[—i g”—i 2 [1:7 00++4g] [—8 491’

(8A+k1)=8-[_1 2 +k-[0

:[—g 52]+[g 2:[8—+8k 56(:Lk]

- A% SR+ [—é 48] = [8—+8k 56(:- k

=28+k=1and56+k=49=>k =-7.
Hence, k = —7.

Check Your Progress
LIfA=][1,2],[3,4]] and B =[[2, 0], [1, 3]], find AB.

3. For A=[[2, 1], [4, 3]], calculate det(A) and state whether A is singular
or non-singular.
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6.4 DETERMINANT

Determinant of a Square Matrix

Corresponding to each square matrix

a;; Q12 Qi3 ... QAp

a1 Az dQAz3 ... dzpn
A == )

Ap1 Qpz Qpz ... QApp

there is associated an expression, called the determinant of A4, denoted by

det A, or |A], written as

aj; A2 Qi3 ... QAqp
a1 Qzp QAz3 ... Qzp
det A = |A| = .

anq ap2 ans e Opp

A matrix is an arrangement of numbers and so it has no fixed value, while

each determinant has a fixed value.

A determinant having n rows and n columns is known as a determinant of
order n

The determinants of non-square matrices are not defined.

Value of a Determinant of Order 1: The value of a determinant of

a(1 x 1) matrix [a] is defined as |a| = a.
Value of a Determinant of Order 2: We define

|a11 ai,

= (a;1035 — A31013).
"9 a22| 11422 — A21412
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Example 1: Evaluate:

Solution:

0 |§ :§| = 6(=2)—7(=3) = 12+ 21 = 9.

(ii) ’xzx‘ffl ﬁ;i (2 —x+ D+ 1) = x+D(x—1)

=(x3+1)—-(x*-1)=(x3—x2+2).

Example 2: If E’; 47L| = |2 Z| find the value of x.

Solution: We have|i§ Z = |2 Z

© Bxx4)—(—2)x7=(8x%x4)—-(6x7)
© 12x+ 14 =32 - 42

© 12x + 14 = -10

o 12x = -24 & x = —2.

Hence, x = —2.

x+1 x-—1 _|4

Example3:|f|x_3 c+21= 11

‘§| find the value of x.

Solution: We have |x = |41L _;|

Ty ¢ 2
© x+D)(x+2)—(x—3)(x—-1)=4x3)—-1x(-1)

& (x2+3x+2)—(x?—4x+3)=12+1
©7x—1=137x=14 o x = 2.
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Hence, x = 2.
sin 10° —cos 10°
sin 80° cos 80°

sin 10° —cos 10°
sin 80° cos 80°

Example 4: Show that | =1.

Solution: We have |

= (sin 10°)(cos 80°) — (sin 80°)(—cos 10°)
= (sin 10°cos 80° + cos 10°sin 80°)
= sin (10° 4+ 80°) [ sin Acos B + cos Asin B = sin (A + B)]
= sin 90° = 1.
Value of a Determinant of Order 3 or More: For finding the value of a

determinant of order 3 or more, we need the following definitions.

Minor of a;; in |A|: The minor of an element a;; in |A| is defined as the
value of the determinant obtained by deleting the ith row and jth column
of |A], and it is denoted by M;;.

Cofactor of a;; in |A|: The cofactor C;; of an element a;; in |A| is defined

as CU = (—1)l+] MU

Example 1: Find the minors and cofactors of the elements of the

determinant

a;; A1 Qg3
a1 dpz A3z
az; dAszp d4szg

A=

Solution: Let M;; denote the minor of a;; in A.
Now, a,; occurs in the 1st row and 1st column. So, in order to find the

minor of a,,, we delete the 1st row and 1st column of A. The minor M,

Az, A3

of a,; isgiven by M;; = |a32 (s

| = (az2a33 — A3,0a53).

Similarly, we have
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a1 dzz
M, = = (az1a33 — az1a33);
12 Az;  Qzz (az1as3 31023);
a1 dp
M5 = = (ay1a3y, — A31057);
13 Az; Qs (az1as; 31022);
aip 04g3
M,, = = (aq,033 — A3,Q43).
21 Az, Qs (ai2a33 32013)

Similarly, we may obtain the minor of each of the remaining elements.

Now, if we denote the cofactor of a;; by C;; then

Ci1 = (—1)1+1 My = My; = (a32033 — A320;3);

Ciz = (VD2 .M, = —M;, = (3123 — A21033);
Ci3 = (—D3 - M3 = My; = (A21032 — A31022);
€ = (—1)2+1 *Myy = =My, = (a3a43 — a1,a33).

Similarly, the cofactor of each of the remaining elements of A can be
determined.

Example 2: Find the minor and cofactor of each element of A =

1 -3 2
4 -1 2.
3 5 2

Solution: The minors of the elements of A are given by

M, = _é g =—-12;M,, = |§ gl =2;My3 = |§ _§| = 23;
My, = _g ; = —16; M,, = |?1) §| = —4; My; = |é _§| = 14;
M3, = ::i ; = —4; M3, = |41L ;| = —6; M35 = |41} :i| =11

So, the cofactors of the corresponding elements of A are
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Ciz3 = (—1)*3 - M3 = My3 = 23;Cyq = (—1)** - My, = —M,; = 16;
Cop = (—1)*"2 - My = Myy = —4; Gy = (—1)°*3 - My3 = —My3 = —14;
C31 = (=1 M3y = M3y = —4;C35 = (=1)%*% - M3, = —M3;, = 6;
(33 = (_1)3+3 “M3zz = M33 = 11.

Value of a Determinant
The value of a determinant is the sum of the products of elements of a row
(or a column) with their corresponding cofactors.

We may expand a determinant by any arbitrarily chosen row or column.

Expansion of a Determinant

Expanding the given determinant by 1st row, we have

ai1 Qi2 Qi3
az1 Az 433
az; dazz 4ass
= a11Cq1 + a12C15 + a43C43
= a1 My — a12Map + a13Mys [+ Cip = —My,]

azz a23| . |a21 a23| az1 a22|
a3z 04z3 12 laz; ass az1 dszp
= 41 * (Az2033 — A32053) — Qg3 * (Az1033 — A31A33)
+ay3 - (az21a3; — az1az;).

= ay4 - (its cofactor) + a4, - (its cofactor) + a,3 - (its cofactor)

=a11-| a13-|

We may expand it by any row or column.
Remark 1 If we expand a determinant by any row or column using

minors, we keep in view the following symbols for a determinant of order
three:

Remark 2 If a row or a column of a determinant consists of all zeros, the
value of the determinant is zero.

Example 1: Evaluate
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3 4 5
A=|[-6 2 -=3|
8 1 7

Solution: Expanding the given determinant by 1st row, we get

a =37 T4y Hles g g
=3-(14+3)—4-(—42+24)+5- (=6 —16) = 13,

Example 2: Expand the determinant A =

Q@ & Q
N
a HwQ

Solution: Expanding by 1 st column, we get

A_bf g

h h g
_a.f C_h.|f . _|_g.|b f
=a(bc—f?)—h-(ch—fg)+g - (fh—bg)
= abc — af? — ch® + fgh + fgh — bg*
= (abc + 2fgh — af? — bg? — ch?).

Properties of Determinants
The properties of a determinant serve the purpose of a useful tool for
finding its value. We will mention these properties and verify them for a

third-order determinant.

Theorem 1: The value of a determinant remains unchanged if its rows and

columns are interchanged.

a, by ¢
a, by ¢
as bs c;

Proof: Let A = and let A’ be the determinant obtained by

interchanging the rows and columns of A.
Then,
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a; 4a; as
A =|by by b3
c, €y C3
bz b3 a, das a; as
It PN 1.|C2 Cs|+C1.b2 b3|

[expanded by 1st column]
= a,(byc3 — bscy) — by(azcs — cza3) + ¢1(azbs — azb,)
= A [expanded by 1st row].

Note: If A is a square matrix then |A'| = |A|.
Theorem 2: If two rows or columns of a determinant are interchanged

then the determinant retains its absolute value but its sign is changed.

a by ¢
Proof: LetA = |a, b, c,|and let A’ be the determinant obtained by
as bz c3

interchanging any two rows, say 1st and 3rd rows, of A. Then,

as bs c3
r_
A =la, b, ¢
a; by ¢
_ b, ¢, b; c3 b; c3
—a3'b _az'b +a1'b
1 O 1 C 2 Gy

[expanded by 1st column]

= az(bycy — bycy) — az(bscy — bycs) + ai(bsc; — bycs)

= —ay(byc3 — b3cy) + az(bicz — bscy) — ag(bic, — bycq)
= —[ay(byc3 — b3cy) — az(bycs — bscy) + az(byc; — bycq)]
= —A [expanded by 1st column].

Theorem 3: If any two rows or columns of a determinant are identical

then its value is zero.

Proof: If we interchange the identical rows of the given determinant A
then clearly there is no change in A. But, interchanging any two rows of a

determinant changes its sign.

“A=-A&2A=0,ie,A=0.
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Theorem 4: If each element of a row or a column of a determinant is
multiplied by a constant k then the value of the new determinant is k times

the value of the original determinant.

a, by
Proof: Let A = |a, b, c,|andlet A’ be the determinant obtained by
as bz ¢

multiplying each element of a row, say the second row of A, by k. Then,

a; by C1
AI = kaz kb2 kCz
as bs C3
_ kb, kc, b; ¢ by ¢
=ac | | TR b ol T kb, ke,

= a,(kbyc3 — kbsc,) — ka,(b,c5 — bscy) + az(kbyc, — kb,cy)
kl[a,(byc3 — bscy) — az(bycs — bzcy) + az(byc; — bycy)] = kA.

Important Note: For a square matrix A of order n, |kA| = k™ - |A].
Theorem 5: If any two rows or columns of a determinant are proportional

then its value is zero.

Proof: LetA=|a, b, ¢,
ka, kb, kc

a, by ¢

= k az bz C2

a, by ¢

=k X 0 =0 [by Theorem 4]
[+ 1st and 3rd rows are identical].

Theorem 6: If each element of a row (or column) of a determinant is
expressed as a sum of two or more terms then the determinant can be
expressed as the sum of two or more determinants.

[by Theorem 4]
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agta; bi+p ¢+ n
A = a2 bz C2
as bs C3

Then, on expanding A by first row, we get

A = (a; + a;)(byc3 — bscy) — (by + B1)(azcs — azcy)
= [ay(byc3 — bzcy) — bi(aycs — ascy) + y1)(azbs — asb,) — asb,)]
+[ai(bycs — b3cy) — By(azcs — aszcy) +yi(azbs — azby)]

a; by ¢ a P17
= a, b2 Cy + a, b2 Cyl.
as bs c3 as bs c3

Theorem 7: If to any row or column of a determinant, a multiple of

another row or column is added, the value of the determinant remains the

same.
Let
a, by
A = |a, bz Col.
as; b; c3
a, +kas; by+kby cq+kcs
A, = az bz Cz
as bs C3
Then,
a, by ¢ kas; kbs kcg
A = |a, bz Cl + | a, bz Cy
as; b; c3 CP N
=la; by cy| [+ 2nddet.is 0, its 1st and 3rd
as bz c3
= A.
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6.5 SUMMARY

So, in this first unit we have learned about

» Matrix multiplication

> Properties of matrix multiplication
» Determinant of a matrix

>

Properties of determinant

6.6 GLOSSARY

Matrix Multiplication: An operation combining matrices when their
dimensions are compatible.

Conformable Matrices: Matrices whose dimensions permit
multiplication.

Scalar: A single number used to multiply a matrix.

Determinant: A scalar value associated with a square matrix.
Minor: The determinant obtained after deleting a row and a column.
Cofactor: A minor multiplied by its corresponding sign.

Adjoint: The transpose of the cofactor matrix.

Singular Matrix: A square matrix whose determinant is zero.

6.7 EXERCISES

1. Compute AB and BA, whenever exists when

Ll
MA=|1 3 ande[é ‘52]
EW
: 1 4
(i) A = B ;Z]lande 1 3]
- 25 3
1 1422
(i) 4 = 2]andB=[3 5 2‘
5 1ol
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2. Verify that A(B + C) = AB + AC, when

Wa=[2 Ys=[ . c= 7

3 5 6 5 2 4
1 1
- 1 =21 ~_1 -2
(H)A—ls 5],B—[6 oe=1; 3
4 3
[2 -2 —4
3. fA=|-1 3 4 [,showthatA4? = A.
1 -2 -3
4 —1 —4
4, IfA=13 0 —4],showthatA2=I.
3 -1 -3
5 IfA= '_ ; 2] show that (42 — 54 + 7I) =
6. IfA= 1 ] find the value of x and y such that A2 + xA = yA.

If |3x +1 | | find the value of x.

8. Find the determinant of the following matrices

2 1 2 3 -2 —4
1 3 4|, 0 4
2 1 2 3

-2 5
6.8 SUGGESTED READINGS

1. Richard Bronson. Schaum's Outline of Matrix Operations. Tata
McGraw Hill, 2011.

2. Hari Kishan. A Textbook of Matrices, Atlantic Publishers, 2023.

3. Shanti Narayan, P K Mittal. A Textbook of Matrices, S. Chand,
2010.
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UNIT 7 RANK OF THE MATRIX

STRUCTURE

7.1. Introduction

7.2. Objectives

7.3. Sub-Matrix, Minor and Rank
7.4. Summary

7.5. Glossary

7.6. Exercises

7.7. Suggested Readings
7.1 INTRODUCTION

Welcome to the unit on the Rank of Matrix. In this module, we will delve
into one of the fundamental concepts in linear algebra that plays a pivotal

role in various mathematical and computational applications.
Understanding the Significance:

The rank of a matrix is a measure of its essential characteristics. It provides
crucial insights into the properties of the matrix and its solutions. Whether
in solving systems of linear equations, analysing transformations, or
investigating the independence of vectors, the rank serves as a cornerstone

concept.

7.2 OBJECTIVES

After completing this unit, students will be able to

» Define submatrix and minor of a matrix
> Understand the definition of rank
» Calculate rank of matrix with the help of elementary

transformation
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7.3 SUB-MATRIX, MINOR AND RANK

Sub-Matrix: A matrix, which is obtained by deleting some rows or some

columns or both of matrix A, is called a sub-matrix of A. For example, if

1 2 3 4]
A=1|5 6 7 8],then
9 10 0 11l
1 2 31[2 3]
5 6 7|, [ 6 71, [2 3],[3 181] , etc. are all sub-
9 10 01 110 OJ

matrices of the matrix A.
Particular Case. The matrix A is a sub-matrix of itself.
5.2. Minor of a Matrix

If any r rows and any r columns from an m X n matrix A are retained and
the remaining (m — r) rows and (n — r) columns deleted, then the
determinant of the remaining r X r sub-matrix of A is called a minor of A

of order r. For example,
a1 Q42 Q13 Qg4
Q1 QAzz Q3 Q4
LetA =|a31 Qazz Aazz QA3zg , then
Qg1 A4z Q43 Qyg
Q51 Qs Q53 Oogloy g,

(i) The elements a; 1, a;,, 1, a3y, agq, €tC. are minors of A of order 1.

(i) The elements a, 1, @5, a1, A32, A4y, €LC. are minors of A of order 1.

aqq a12| |a11 a13| |a33 a34| |a13 a14|
) ) b b

ii) The determinants|
(i) Ay1 Q2171031 Q3171043 Qyel’ |As3  Gsyg

etc. are minors of A of order 2 .

App (A3 A4
a3z, a3z (dzg
ds; (As3  dsgg

a;; 412 Qg3
Qg1 QAup Ay3
as1 dsy As3

a1 412 Qg3
a1 Az Az
a3; dzz; dsz

A of order 3.

, etc. are minors of

) )
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A11 Q12 Qg3 Q4] |Q1 G2 A3 Ay

etc. are minors of A4 of
Q31 Q3 A3z Q34|’ |41 Qa2 Q43 Qgql’
Qg1 Qygp Ag3 Qg4] |G51 A5y A5z Asg

order 4 .

Note. There cannot be any minor of order higher than 4 in the above
example.

5.3. Rank of a Matrlx

A natural number r is called the rank of the matrix A if

(i) There exists at least one non-zero minor of order r.

(ii) Every minor of order (r + 1), if any, vanishes. The rank of the matrix
A is denoted by p(A) or rank (A).

Note 1. The rank of a zero (null) matrix of any order is taken to be zero.
Hence,

p(A) = 0 when A is a zero matrix.

Note 2. p(A) = when A # 0.

Note 3. p|A| < r when every minor of order (r + 1) vanishes.
Note 4. p(A) = r when there exists a non-zero minor of order r.
Note 5. p(4) < m when A isam X n matrix such that m < n.

Note 6. p(4) < n when A isam X n matrix such that n < m.

Note 7. p(A) = p(A) where A’ is the transpose of A.

Note 8 . Rank of a matrix, whose every elementis 1,is 1.

Note 9. If A is a square matrix of order n such that |A| # 0, then p(4) =

n.

Note 10. If I, is an identity matrix of order n, then |I,,| =1 # 0 and

therefore p(I,) = n.
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Note 11. If A is a diagonal matrix of order n with nonzero diagonal

elements, then |A| # 0 and therefore p(A) = n.

Note 12. The property (ii) of the number r in the definition of rank of a
matrix implies that every minor of order (r 4+ 2) vanishes since every
minor of order (r + 2) can be expressed as the sum of the multiples of
minors of order (r + 1). It is simple to visualise that every minor of order
higher than r will vanish. Thus, the rank of a matrix is the largest order of
a non-vanishing minor of a matrix.

5.4. Nullity of a Matrix

Let A be a square matrix of order n. Then n — p(A) is called the nullity of
the matrix A and is denoted by N(A). We know that the rank of a non-
singular square matrix of order n is n and therefore its nullity is equal to

ZEero.

Theorem 1. The rank of a matrix is equal to the rank of the transposed

matrix.

Proof. We know that the transpose of a matrix is obtained by changing
rows into columns and columns into rows. Also, by a property of
determinants, we know that the value of a determinant remains unchanged
if its rows are changed into columns and columns into rows. So, by

transposing a matrix, the values of its minors do not change. Hence,
p(4) = p(4).

Theorem 2. p(A*) = p(A)

Proof. We have proved in Theorem 1 that the rank of the transpose of a
matrix is the same as the rank of the original matrix. So, to prove the
theorem under consideration, what remains to prove for us is that the rank

of the conjugate of a matrix is the same as the rank of the original matrix.
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If A is real, then the result is trivial. If A is not real, then let us assume that
the value of a minor of A with complex elements is p + iq. Then the value
of the corresponding minor of the conjugate matrix of A is p — iq.
Ifp+ig=0thenp—ig=0

Ifp+iq # 0thenp —ig #0

Hence,

p(4) = p(4)
Also, p(4) = p(4)
In view of Egs. (5.3) and (5.4), we have

p(A%) = p(A)

Note. p(4*) = p(4") = p(4).
Theorem 3. If A4 is a non-zero column matrix and B is a non-zero row

matrix, then show that p(AB) = 1.

a1
a .

Proof. Let L = ;21 be a non-zero column matrix. Let B =
am1

|by1bq5 ..... b1, | De a non-zero row matrix.
+ A and B are both non-zero matrices.

~ AB is also a non-zero matrix.

= AB has at least one non-zero element.

= AB will have at least one non-zero minor of order 1 .

« p(AB) > 1
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Check Your Progress

1. Find the rank of A =[[1, 2], [2, 4]] using elementary row operations.

2. Reduce A =1[1, 2, 3], [2, 4, 6], [1, 1, 1]] to echelon form and find its

rank.

3. Find the rank of A =[[1, 2, 3], [2, 3, 4], [3, 5, 7]] using elementary row

operations.

Now,

aq1b11  aq1by; .. ag1biy

a,b a,b NS D

AB = |%21P11 21012 21P1n
an1byy  apibi; ... apibig

From the form of AB, it is clear that every minor of order 2 is zero.
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Example 1: Find the rank of the matrix A, where

1 2 3
234]

3 5 7

3
4
7

2 3
3 4
5 7

A=

Solution: We have

1
2
3

1 2 3
2 3 4
1 2 3
=01 ~ R, and Rj; are identical
“p(4) #3

A=

WNRUTWDN

|Operating R3 — R4

) .11 2 i 2| Sl o
Amlnoroforder2|s|2 3|and|2 3—3 4=-1+0

~p(A) =2

Example 2: Find the rank of the matrix A, where

1 2 3
A=14 5 6
2 1 2
Solution:
1 288
|[A|=14 5 6
Zreetils, 2

= 1(10 — 6) + 2(12 — 8) + 3(4 — 10)
=4+8-18

=6#0

p(A) =3
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Example 3: Find the rank of the matrix A, where

o O R @
Lo oo
N S e =
0 0 = =

Solution:

1Al =

SO R ™
Lo oo
o= 0O
0 0 - =

08 1
0 1 8
8 1 8
= 8[8(64 — 1)] — [1(0
= 4032 +8
= 4040 # 0

p(A) =4

=38 -1

1 8
0 1
0 1

0
0
8
— 8)]

Example 4: Find the rank of the matrix A, where

6 1 3 8
14 2 6 -1
A= 10 3 9 7
16 4 12 15
Solution:
6 1 3 8
14 2 6 -1
Al = 10 3 9 7
16 4 12 15
6 U9 8
4 2 2 -1 )
3 10 3 3 7 Taking 3 common from c;
16 4 4 15
= 3(0)
=0
p(4) 4
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It is easy to see that all the minors of order 3 are zero-valued.
~p(A) # 3
: . 6 1 6 1| _ .5 _,_
There is a minor |4 2| of order 2 such that |4 2| =12-4=8=0.
Hence, p(A) = 2

Example 5: Find the rank of the matrix

A=l1 3 -3 -4

1 -1 3 6]
1 3 3 11

Solution: *+ The matrix 4 is or order 3 X 4

~p(4) <3
A minor of order 3 is
1 -1 3 1 -1 3
1 3 =3|=|0 4 —6|| Operating R, —R{,R3 — R4
1 3 3 0 4 0

Example 6: Find the rank of the following matrix using elementary

transformations:

—_
NN
N

[E
N
w
—

Solution: We have

(RN
BN
N W

—)

Operating Ry1(—1), R31(—2)
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Operating R3,(—1)

1
0
0

A—

The single minor of order 3 is zero.

A minor of order 2 is

1
0
o p

N DN
| w
—_
(OS]

N DN
|w
—_
hmtiemilemmit]

2| _
2|_2;e0
(A) =2

employing elementary transformations.

Example 6: Find the rank of the matrix A = [ 5 2 0 -1

234—1]

-4 5 12 -1

employing elementary transformations.

Solution: We have

2
A=|5
—4
Operating Ry;(—1), R3;(—1)
2
A~13
—6
Operating R3,(2)
A—

3 4 -1
2 0 —1]
5 12 -1
3 4 -1
=L =% A0 ]
2 8 0

3 -1 -4 O

234—1]
0O 0o O O
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All the third order minors are zero but the second order

minor |_4-4 _01| =—4+0
~p(A) =2

7.4 SUMMARY

So, in this first unit we have learned
» submatrix and minor of a matrix
> the definition of rank

» calculate rank of matrix with the help of minor and elementary

transformation

7.5 GLOSSARY

Rank: The maximum number of linearly independent rows or columns of
a matrix.

Elementary Row Operation: A basic operation used to transform a
matrix.

Row Echelon Form: A matrix form with leading entries arranged
progressively to the right.

Reduced Row Echelon Form: An echelon form with each leading entry
equal to one and alone in its column.

Leading Entry: The first non-zero element in a non-zero row.
Zero Row: A row containing only zero elements.

Linear Independence: A condition in which no vector is a linear
combination of the others.

Non-Singular Matrix: A square matrix having non-zero determinant.

7.6 EXERCISES

1. Find the rank of the following matrices
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l1 -2

2. IfA=|-1 3

3. IfA=1|3 0

transformation.

(1 2
4. IfB=|3 5
113 4

transformation.

—-41 11 2 3 6 -2 —4
4],[1 : 4],[_1 : 4]

=31 11 2 3 1 -2 5

—4

4 ] find the rank of A.

-3
—4
—4] find the rank of A by using elementary
-3
7

2] find the rank of B by using elementary
2

7.7 SUGGESTED READINGS

1. Richard Bronson

. Schaum's Outline of Matrix Operations. Tata

McGraw Hill, 2011.
2. Hari Kishan. A Textbook of Matrices, Atlantic Publishers, 2023.

3. Shanti Narayan, P K Mittal. A Textbook of Matrices, S. Chand,

2010.
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UNIT 8 SYSTEM OF LINEAR EQUATIONS

STRUCTURE

8.1. Introduction

8.2. Objectives

8.3. System of Linear Equations
8.4. Summary

8.5. Glossary

8.6. Exercises

8.7. Suggested Readings
8.1 INTRODUCTION

Welcome to the unit on Systems of Linear Equations! In this module, we
will embark on a journey to explore the fundamental concepts and
techniques essential for understanding and solving systems of linear
equations, which are prevalent in various fields ranging from mathematics

and physics to engineering and economics.
Understanding the Significance:

A system of linear equations represents a collection of equations involving
multiple variables, where each equation is linear. These systems serve as
powerful tools for modeling real-world scenarios and finding solutions to
complex problems. Whether it's determining the intersection of lines in
geometry, analyzing electrical circuits, or optimizing production processes,

systems of linear equations offer invaluable insights.

8.2 OBJECTIVES

After completing this unit, students will be able to

» Write system of linear equations in matrix form
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> Differentiate homogeneous and non-homogeneous system
» Decide whether a non-homogeneous system has a solution or not

» Find the solution of system

8.3 SYSTEM OF LINEAR EQUATIONS

An equation of first degree in n unknowns x;, x5, x3, ..... , x,, is called a
linear equation.
Thus,

ai1X1 + A12X2 + a13x3 + ---. +a1nxn = bl

is a linear equation in n unknowns x, x5, X3, ...., X, With coefficients
ai1,aq2, 43, - -, A1, @NA by @S constants.
If b, = 0, then Eq. (6.1) takes the form

a11x1 + alzxz + a13X3 S +a1nxn = 0

and is called a homogeneous linear equation in n unknowns

2x + 3y + 4z = 20 is an example of a non-homogeneous linear equation
in 3 unknowns x, y and z whereas x —y + z = 0 is an example of a
homogeneous linear equation in 3 unknowns x, y and z.

System of Linear Equations

Consider a system of m linear equations in n unknowns (m > n,m = n

orm < n) given below:
ai1X1 + A12X, + ai3X3 + ... +a1nxn =, b1

a21x1 + azzxz + a23X3 A et +a2nxn = b2
Am1X1 + QpaXy + ApzXs + o+ AQpn Xy = by,
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In matrix notation, these equations can be put in the form

AX =B
where

a1 Q412 Qg3 A1n
a1 Az Qys arn

A=
lam1 Q2 Az e Qnd o
1] [D1]
x2| | D2 |

X=x2J andB=[E‘
Xnmx1 bm mx1

The matrix A is called the coefficient matrix. The matrix X is called the
column matrix of n unknowns x,, x,, x3, ..., x,. The matrix B is called the

column matrix of m constants b, b, ...., by,.

The matrix C = [A: B] obtained by placing the constant column matrix B

to the right of the matrix A is called augmented matrix. Thus, the matrix

a;; Q412 Qi3 An by

a1 Az dps aon b,
C =[A:B] =

Ami Am2  Amz eer Amn ¢ by

is called the augmented matrix.
Any set of values of x;, x5, x5, x,, which simultaneously satisfy the system
of equation (A) is called the solution of the system (A). If the system has

one or more solutions, it is called

consistent. If it has no solution, it is called inconsistent. A consistent

system has either one solution or infinitely many solutions.
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Example

(i) The system of equations

x1+x2=3
2x1+3x2=8

IS consistent because it has a unique solution x; = 1,

xZ = 2
(ii) The system of equations
le + 3x2 == 5
6x1 + 9x2 = 15

is consistent because it has infinitely many solutions. Note that here the
two equations are one and the same.

(iii) The system of equations

x1—4x2=2
le_8x2=5

is inconsistent because it has no solution.

Non-singular or Regular System of LInear Equations

If we take m = n in the system of equations (A), then we have

a1 Q12 413 A1n

a21 a22 a23 ------ a2n
AR A . S A=A ...

An1 An2  Anz Ann

a1 A2 a13 A1n

az1  4pzp azs Qzn

e .
ani an2 Qn3 Ann
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|A| is called the determinant of coefficients.
If |A| # 0, then the system of equations (when m = n ) is called regular.

This system has a unique solution given by

X1 Xz X3 Xn
1Al 1Az |As]

1
..= —— = — where |4, | represents the
Al 4] 1R
determinant obtained by replacing the ™ column of | A | by the column
ofb's.

This is known as Cramer's Rule for solving a system of n linear equation
in n unknowns.

Note. If |[A| = 0, then Cramer's Rule fails.

When |A| # 0, then A~ exists. Hence, pre-multiplying the matrix

equation
AX =B
by A, we obtain,
A"1(AX) =A"'B
(A"1A)X = A™'B

IX=A"1B
X=A"1B

U

!’

This gives the solution of the system of n equations in n unknowns when
the system is non-singular (or regular).

Singular System of Linear Equations

If |A| = 0, the system of n equations in n unknowns is called singular.
This case will be dealt with later on.

System of Linear Equations, in General

Consider the system of linear equations (A)
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It is simple to see that the rank of the augmented matrix C cannot be less
than the rank of the coefficient matrix A because every sub-matrix of A is

also a sub-matrix of C.

Let p(A) = r. Then, by a suitable sequence of elementary row operations,
the matrix A can be reduced to an equivalent matrix in which each of the
first r elements of the leading diagonal is 1 and every element below this
diagonal and/or below the ™ row is zero. The matrix, so reduced, is said

to be in Echelon Form.

If the same sequence of elementary operations is performed on the system
of equations (A), then these will be transformed in the following form:

Y1+ @y, + ag3ys + o tagnyn = By
Y2 + @a3y3 + A Yn = Bo
Yt Yy = ﬁ

0=Pri1
0=p_nm
in which y;, y,, ... ... , Y 1S SOMe permutation of x4, x5, ... ... , X

Also, the coefficient matrix and the augmented matrix of the system of
equations (B) will be equivalent to A and C respectively.

Now the following cases arise:

Case I. When r = 1, then the system of equations (B) becomes,

Y1+ apy, +azys + ot aimyn = P

0 =5
0 =hl ©
0 : B/
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In this case, p(C) = 2 or 1, since C has one column more than A.

When p(C) = 2, B, B3, ..., Bm cannot all be zero. Hence, the equations

are inconsistent and there will be no solution.

When p(C) = 2, B, B3, ..., Bm Will be all zero and the system of
equations ( B ) will be equivalent to a single equation from which y; will

be expressible in terms of y,, ys, ....., ¥, Which can have arbitrary values.
Case D. When r = 2, then the system of equations (B) becomes

Y1+ a2y, + a3ys + ot @Yy = B

Vo + ap3ys + o Yy = o
0 =p;
0 =6,/

In this case, p(C) =3 or2.
When p(C) = 3, B3, B4, -----, Bm Cannot all be zero. Hence, the equations

are inconsistent and there will be no solution.

But when p(C) = 2, B3, B4, - -, Bm Will be all zero and the equations will
be equivalent to two independent equations from which y, and y, will be

expressible in terms of y3, y,, ....., ¥, Which can have arbitrary values.

Similarly, when r = 3, then p(C) must also be 3 in order that the
equations may be consistent and in that case y;, y,, y; will be expressible

in terms of y,, ys, ..., y,, Which are arbitrary.

In general, the necessary and sufficient conditions that the equations (B)
may be consistent is that p(C) = p(A), i.e. if the coefficient matrix A and

the augmented matrix C have the same rank and if each rank = r, the
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equations will be equivalent to r equations from which r unknowns can be
in further examples.

Check Your Progress

1. Solve: 2x +y=7and x —y = 1.

2. Determine whether the system 2x + 4y = 6 and x + 2y = 5 is consistent
or inconsistent.

Example 1: Solve, with the help of matrices, the simultaneous equations:
x+y+z=3

x+2y+3z=4
x+4y+9z=6
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Solution:

1 1 1
Coefficient Matrix A =1 2 3
1 4 9
1 1 1
~14 =11 2 3
1 4 9
=1(18—-12)+1(3-9) +1(4 - 2)
=6—6+2
=2+0
~p(Ad) =3
1 1 1 3
Augmented matrix [A:B] =1 2 3 4
1 4 9 6
Operating R, — R{,R3 — R;
1 1 1 : 3
-0 1 2 : 1
0 3 8 : 3
Operating R; — 3R,
1 1 1 3
-0 1 2 ¢ 1
0 0 2 : 0
~ p[A:B] =3

 p | A: B] = p[A] = 3 (number of unknowns)
=~ The given system of equations is consistent and has a unique solution.

Equivalent system of equations is
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1 1 1% 3
[0 1 Zlyl=1]
0 0 21tz 0

= x+ty+z=3
y+2z=1
2z=0

= x=2,y=1,z=0
Example 2: Solve the system of equations by using matrix method:

2x1 + %, +2x3+x, =6

6x; — 6x, + 6x3 + 12x, = 36
4x, + 3x, +3x3 —3x, = —1
2x1 +2x, —x3 + x4, =10

Solution:
2 1 2 1
- . _|l6 -6 6 12
Coefficient matrix A = 4 3 .
2 2 -1 1
w |Al # 0
~p(A) =4
2 1 2 1 6
. |16 -6 6 12 36
Augmented matrix [A: B] = 4 3 3 _3 i 1
2 2 -1 1 : 10

Equivalent system of equations is

™ 11][* 6
0 1 0 —=1|[%2f_|—-2
0 0 —1 —4f|xs| [-11
0 0 0 131L*s 39
= 2x1 +X, +2x3+x, =6
Xo — X4 = —2

—x3 —4x, = —11
13x, = 39
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On solving, we get
x1 = Z,xz = 1,X3 = _1,X4_ = 3
Example 3: Using matrix method, show that the equations

3x+3y+2z=1

x+2y=4
10y + 3z = -2
2x—3y—2z=5

are consistent and hence obtain the solutions for x, y and z.

Solution:
3 3 2
: ) {1 2 0
Coefficient matrix A = 0 10 3
|2 -3 -1
1 2 0
“ Minor [0 10 3 |+#0
2 -3 -1
~p(A) =3
~p[A:B] =3

 p[A: B] = p[A] = 3 (no. of variables)
=~ The given system of equations is consistent and has a unique solution.

Equivalent system of equations is

1 0 —18

0 1 —35
0 0 —116
0 0

=X — 18Z =74
y+9z=-35

29z = —116

>x=2,y=1,z=—4
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Example 4: Show that the following system of equations is inconsistent:

xl_2x2+X3_X4+1:0

3xl_2x3+3X4+4‘:0
5xl_4x2+X4+3:0

Solution:
1 -2 1 -1
CoefficientmatrixA=(3 0 -2 3
5 =4 0 1
1 -2 1 -1
Augmented matrix [A:B] =3 0 -2 3
5 =4 0 1
Operating R, — 3R;,R; — 5R;
1 -2 1 -1 =1
-0 6 -5 6 -1
0 6 -5 6 2
Operating R; — R,
1 -2 1 -1 -1
-0 6 =5 6 -1
0 O 0 0 3

which is Echelon Form.

Clearly, p(A) = 2
p(A:B) =3
~ p(A) # p(A:B)

Hence, the given system of equations is inconsistent.

Example 5: Investigate for consistency of the following equations and if

possible, find the solutions.
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4x —2y+6z2=8
x+y—-3z=-1
15x =3y +9z =121

Solution:
4 -2 6
Coefficient matrix A =1 1 1 -3
15 -3 9

Operating R4,

o

1 1 -3 : -1
—-14 -2 : 8

15 -3 9 : 21
Operating R, — 4R, R; — 15R;)
1 1 -3 i -1
-0 -6 18 : 12
0 —18 54 : 36
Operating R; — 3R,
1 1 -3 : -1
-0 -6 18 : 12
0 O 0 ¢ 0

which is Echelon Form.

Clearly, p(A) = 2 = p[A: B] < (no. of variables)

Hence, the given system of equations is consistent and has an infinite
number of solutions.

Example 6. For what values of k, the equationsx + y +z = 12x + y +
4z =k, 4x + y + 10z = k? has a solution?

Solution. Here, we have
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x+y+z =1
2x+y+4z =k
4x +y+ 10z =k?

11 17 1
=>[2 1 4“)’= k
4 1 10llz!l [g2
AX = B
11 1 : 1 1y 1hdd 1
C =[A:B]=|2 1 4 : k]~[0 1 2 k zlgzjgz_iﬁl
4 1 10 : k21 lo -3 6 30 T
1 1 1 : 1 1
~lo -1 2 : k—2 = [0—12]H[
0 0 0 : k?2—3k+2]%7%3R]|y k2—3k+2

If the given system has solutions, then R(A) = R(C) But R(A) = 2
R(C)=2ifk?-3k+2=0=>(k—-1)(k—-2)=0=>k=1,k=2

Case |. When k = 1, we have
x+y+z=1 (1)

and
—y+2z=-1 (2)

Let z = A. Putting the value of z = 1in (2), wehave y + 21 = -1 =y =

2A+1
Putting the values of y and z in (1), we have

x+RA+1D)+A=1=>x=-3

Hence solution is

x =—31
y=21+1
%=1
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( A'is an arbitray constant)

Case Il. When k = 2, we have
x+y+z=1 (3)

and
—y+2z=0 (€))

Putting the value of z = c in (4), we have
—-y+2c=0=>y=2c
Putting the values of y and z in (1), we have
x+2c+c=1=>x=-3c+1
Hence the solution is
x =1—3c,y = 2¢,z = c, where c is an arbitrary constant.

Example 7. Investigate the values of A and u so that the equations:
2x+3y+5z =9
7x+3y—2z =8
2x+3y+1z =upu

have (i) no solution
(ii) a unique solution
(iii) an infinite number of solutions.

Solution. Here, we have,
2x+3y+5z=9
7x +3y—2z=28
2x+3y+Az=p

The above equations are written in the matrix form
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2 3 5| 9
7 3 -2 [y] =8
2 3 Allz m

s . 2 3 5 9

2 3 5 : 9 7

15 39 47 _L

C=[A:B] =|7 3 -2 : 8]= ot 5 |~ Ry = Ry =5k,

23 A g 9 a5 ;o p—of Rem R R

(i) No solution. Rank (4) # Rank (C)
A=5=0o0orA=5andu—9+#0
>u+9
(i) A unique solution. Rank (4) = R(C) = Number of unknowns
A—=5#0=> A#5andu#9
(iii) An infinite number of solutions. Rank (A) = Rank (C) =2
A=5=0anduy—9=0

A=5andu=9

8.4 SUMMARY

So, in this first unit we have learned about
» system of linear equations in matrix form
» Differentiate between homogeneous and non-homogeneous system
» whether a non-homogeneous system has a solution or not

» the calculation of the solution of system

8.5 GLOSSARY

Linear Equation: An equation in which variables have degree one.

System of Equations: A collection of two or more equations considered
together.

Coefficient: A numerical factor multiplying a variable.
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Constant: A fixed numerical quantity in an equation.

Solution: Values of variables satisfying all equations in a system.
Consistent System: A system having at least one solution.
Inconsistent System: A system having no solution.

Augmented Matrix: A matrix formed by adjoining the constants column
to the coefficient matrix.

8.6 EXERCISES

Solve by matrix method:

(a.) xl_xZ+X3:2

3x1 —x2 +ZX3 == _6
3X1 +XZ +X3 = —18

(b)
x+2y+3z=14
3x+y+2z=11
2x +3y+z=11
(©)
2x—y+3z=9
x+y+z=6
X—y+z=2
(d)
X+y+z=6
x+2y+3z=14
x+4y+9z =36
(©)

X1 +x,+x3=0
le+5xZ+6X3 =0
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(f)

x+y+z=6

xX—y+z=2
2x+y—z=1
x+y+z=3

x+2y+3z=4%
x+4y+9z=6

(9)

x+y+z=3
x+2y+3z=4
x+4y+9z=6

(h)

x+2y+3z=4%
2x+3y+8z=7
x—y+9z=1

4x+2y+z+34=0
6x+3y+4z+74=0
2x+y+4=0

1)
X1 +x, +x3+x,=1

2x1—x2+x3—2x4=2
3x1+2x2—X3—x4=3

(k)

7x —4y =12
—4x+ 12y -6z =0
—6y+14z=0
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8.7 SUGGESTED READINGS

1. Richard Bronson. Schaum's Outline of Matrix Operations. Tata
McGraw Hill, 2011.

2. Hari Kishan. A Textbook of Matrices, Atlantic Publishers, 2023.

3. Shanti Narayan, P K Mittal. A Textbook of Matrices, S. Chand,
2011.

4. R S Aggarwal, Senior Secondary School Mathematics, Bharti
Bhawan, 2024.
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BLOCK-IIl DIFFERENTIATION AND ITS
APPLICATIONS TO ECONOMICS

UNIT 9 DERIVATIVE IN CALCULUS OF
SINGLE VARIABLE

STRUCTURE

9.1. Introduction
9.2. Objectives
9.3. Limits
9.4. Continuity
9.5. The derivative and their notation
9.6. Rules of differentiation
9.7. Higher-order derivatives
9.8. Implicit Differentiation
9.9. List of some basic differentiation formulae
9.10. Summary
9.11. Glossary
9.12. Exercises
9.13. Suggested Readings

9.1 INTRODUCTION

Derivatives are a cornerstone of calculus, providing a way to measure how
functions change. This unit delves into the foundational concepts of limits
and continuity, which lead to the definition of derivatives. It covers the rules
and techniques of differentiation, higher-order derivatives, and implicit
differentiation. Mastering derivatives is essential for analyzing functions,
solving optimization problems, and understanding rates of change in

£conomics.

Mathematical Methods for Economics 148



9.2 OBJECTIVES

After going through this unit, you should be able to

» Understand and compute limits of functions.

> Define and test the continuity of functions at a point and over an
interval.

> Explain the concept of a derivative and its geometric and physical
interpretations.

> Apply differentiation rules to find derivatives of algebraic,
trigonometric, exponential, and logarithmic functions.

» Calculate higher-order derivatives.

» Perform implicit differentiation for functions defined implicitly.

» Utilize basic differentiation formulae to solve problems efficiently.

9.3 LIMITS

A real valued function f(x) is said to have limit L at a point x = a if

Ve>03ad > O0suchthat|f(x) —L| < e whenever 0 < |x —a| < 6.

Then we write lim f(x) = L.
x—a

i.e., we can set f(x) as close as we want to [ by making x sufficiently

close to a.

If the functional values f(x) of a function f draw closer to one and only

one finite real number L for all values of x as x draws closer to a from both

sides, but does not equal a, L is defined as the limit of f(x) as x approaches

a and is written

limf(x) =L

xX—->a
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Assuming that lim,._,, f(x) and lim,_,, g(x) both exist, the rules of limits

are given below.

=

lim,_,k = k (k = a constant )

2 limy_,x™ = a"™ (n = a positive integer )

3 limy,qkf(x) = klim,_, f(x) (k = a constant )

4 limyeq [f(x) £ g(0)] = limyq f(x)  limy,q9(x)

5 limy g [f(x) - g(0)] = limyq f(x) - limy,qg(x)

6 lime g [f(x) + gO0] = limy_o f (x) +
limyeq g (%) [limyqg(x) # 0]

7 limye o [f (0] = [limyesq £ ()] (n > 0)

Example 1. In the absence of a graph, limits can be found by using the
rules of limits enumerated above.

a) lim,_:9 = 9 Rule 1

b) lim,_¢x? = (6)? = 36 Rule 2

¢) lim,_,32x3 = 2lim,_,;x3 = 2(3)® = 54 Rules 2 and 3

d)

lim(x* + 3x) = limx* + 3limx
x—2 x—2 X—2

= (2)*+3(2) = 22

}Ci_r:r}l[(x +8)(x—5)] = }Ci_rg(x +8) - }Ci_rg(x -5)
=(4+8)-(4—5)=-12

LIMITS OF POLYNOMIAL AND RATIONAL FUNCTIONS

By now you have probably noticed that, in each of the previous examples,
it has been the case that lim f(x) = f(a). This is not always true, but it
X—a

does hold for all polynomials for any choice of a and for all rational
functions at all values of a for which the rational function is defined.
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Theorem: Let p(x) and q(x) be two polynomial functions. Let a be any
real number. Then,

lim p(x) = p(a)

p(x) _pa)

chi—r}clzq(x) ( ) when q(a) # 0.

Proof: Consider the polynomial p(x) = a,x™ + cp_x™ 1 + -+ c;x +
Co- Then

limp(x) = im(c,x™ + ¢ x™ 1+ -+ x4+ ¢ )
x—a x—a

=cpa®+cp_a" 4+ -+ a+ ¢y = pla)

It now follows from the quotient law that if p(x) and q(x) are
polynomials for which g(a) # 0, then

e p(x) _pla)
x=aq(x) q(a)
Example 2: Evaluate lim 2-—2**1
x—3 5x+4

Solution: Here f(x) = pg ;

5x + 4 also q(3) # 0. Thus

where p(x) = 2x?2 —3x + 1 and q(x) =

.y 2x* =3x+1 23°-33+1 10
5 5x+4  53+4 19

Calculating a limit when fi g has the Indeterminate Form g.

> First, we need to make sure that our function has the appropriate
form and cannot be evaluated immediately using the limit laws.

» We then need to find a function that is equal to h(x) = f(x) for all

x # a over some interval containing a. To do this, we may need
to try one or more of the following steps:
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e If f(x) and g(x) are polynomials, we should factor each
function and cancel out any common factors.

e |If the numerator or denominator contains a difference
involving a square root, we should try multiplying the
numerator and denominator by the conjugate of the
expression involving the square root.

If % is a complex fraction, we begin by simplifying it.

» Last, we apply the limit laws.

Evaluating a Limit by Factoring and Canceling

. Z_3x
Example 3: Evaluate lim — :
x—3 2x4—5x-3

T x?-3x . x(x-3) . x 3
Solution: lim —=———— = lim ————— = lim ==,
x—>32x2-5x-3  x-53 (x-3)(2x+1) x->32x+1 7

Evaluating a Limit by Multiplying Conjugate

Example 4: Evaluate lim 22—

x-—-1 x+1

. s Vx+2—-1 . Vx+2-1 +x+2+1 . x+1
Solution: lim ——— = lim . = 1m —-=
x—>—1 Xx+1 x—>—1 Xx+1 Vx+2 +1 x——1 (x+1)(Vx+2 +1)
1

1
lim ——=-.
x——1Vx+2+1 2

Evaluating a Limit When the Limit Laws do not apply

. . 1 5
Example 5: Evaluate lim (x + x(x_s)).

5
x(x —5)
two functions has a limit at zero, we cannot apply the sum law for limits;
we must use a different strategy. In this case, we find the limit by
performing addition and then applying one of our previous strategies.
Observe that

Solution: Both i and fail to have a limit at zero. Since neither of the
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x>0 \x x(x—5) x-0 x(x — 5)
_ x ) 1 1
= ey e

9.4 CONTINUITY

A continuous function is one which has no breaks in its curve. It can be
drawn without lifting the pencil from the paper. A function f is continuous
atx = a if:

1 f(x)isdefined, i.e., exists,at x = a
2 lim,_, f(x) exists, and

3 lim,,f(x) = f(a)
All polynomial functions are continuous, as are all rational functions,

except where undefined, i.e., where their denominators equal zero.
Examples:
1. f(x)=5x*—8x+9atx =3
f(3)=5(3)2-8(3)+9 =30
lim,_3(5x% —8x 4+ 9) = 5(3)2 - 8(3) + 9 = 30

lim,_;f(x) =30 = f(3) f(x) is continuous.

2
2. fl)=""2"2 atx =4
(W43 +12 40
f4) = 4-3 c =iy i
. x> 8L Rl
M T 109 "

lim,_,f(x) = 40 = f(4) f(x) is continuous.

x-3
— atx =3

3. f(x)=

X
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$==3

f(3)=(3)2—_9

1) With the denominator equal to zero, f(x) is not defined at x = 3
and so cannot be continuous at x = 3 even though the limit exists at

x = 3. See steps 2 and 3.

x-3 .. 1 1
= limy_ 3 —=-

2) lim,s = = lim, 3 ———
x2-9 (x+3)(x—3) x+3 6

3) lim,_3f(x) = % # f(3). So f(x) is discontinuous at x = 3.

9.5 THE DERIVATIVE AND THEIR NOTATION

Given a function y = f(x), the derivative of the function f at x, written
f'(x) or dy/dx, is defined as

f(x +Ax) — f(x)

f'(x)= Alylcr—I}O A if the limit exists

or,

, L flxy+h) — f(x1)
fro = O

where f'(x) is read "the derivative of f with respectto x " or " f prime of
x."

The derivative of a function f'(x), or simply f’, is itself a function which
measures both the slope and the instantaneous rate of change of the original

function f(x) at a given point.

The derivative of a function can be written in many different ways. If y =
f(x), the derivatives can be expressed as

; ,dy df d
£y = = G or DF(0)

If y = ¢p(t), the derivative can be written

dy d¢ d

$'©)y 2= = Z[$®)] or Dlp(®)]
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If the derivative of y = f(x) is evaluated at x = a, proper notation

H I dy
includes f'(a) and Tl

9.6 RULES OF DIFFERENTIATION

9.6.1 The Constant Function Rule

The derivative of a constant function f(x) = k, where k is a constant, is
zero.
Given f(x) = k,

d
S0 =r@=o.
Example 1. If f(x) = 5. Then Cf—xf(x) =f'(x) =0.

9.6.2 The Linear Function Rule

The derivative of a linear function f(x) = mx + b is equal to m, the
coefficient of x. The derivative of a variable raised to the first power is
always equal to the coefficient of the variable, while the derivative of a
constant is simply zero.

Given f(x) = mx + b,

d v
—f@=f@=m

Example 2. Given f(x) = 3x + 2,
d
L@ =r=3

Given f(x) = 5 —x,
d 1. LN
—f=f=-7

Given f(x) = 12x,
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d
L= @=12
9.6.3 The Power Function Rule

The derivative of a power function f(x) = kx™, where k is a constant and
n is any real number, is equal to the coefficient k times the exponent n,
multiplied by the variable x raised to the n — 1 power.

Given f(x) = kx"

ffx)=k-n-x"1
Example 3. Given f(x) = 4x3, f'(x) = 4-3-x371 = 12x?

Given f(x) =5x%, f'(x) =5-2-x*"1 = 10x
Given f(x) =x* f'(x) =1-4-x*1 =43

9.6.4 The Rules for Sums and Differences

The derivative of a sum of two functions f(x) = g(x) + h(x), where g(x)
and h(x) are both differentiable functions, is equal to the sum of the
derivatives of the individual functions. Similarly, the derivative of the
difference of two functions is equal to the difference of the derivatives of

the two functions.

Given f(x) = g(x) £ h(x), f'(x) = g'(x) £ h'(x)

Example 4. Given f(x) = 12x° — 4x*, f'(x) = 60x* — 16x3
Given f(x) = 9x%2 +2x — 3, f'(x) = 18x + 2

9.6.5 The Product Rule

The derivative of a product f(x) = g(x) - h(x), where g(x) and h(x) are
both differentiable functions, is equal to the first function multiplied by the
derivative of the second plus the second function multiplied by the
derivative of the first. Given f(x) = g(x) - h(x),
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f'ex)=gx) ' (x) +h(x) g'(x)

Example 5. Given f(x) = 3x*(2x — 5), let g(x) = 3x* and h(x) = 2x —
5. Taking the individual derivatives, g'(x) = 12x3 and h'(x) = 2. Then by

substituting these values in the product-rule formula (3.3),
f'(x) =3x*(2) + (2x — 5)(12x3)
and simplifying algebraically gives

f'(x) = 6x* + 24x* — 60x3 = 30x* — 60x3
9.6.6. The Quotient Rule

The derivative of a quotient f(x) = g(x) + h(x), where g(x) and h(x) are
both differentiable functions and h(x) # 0, is equal to the denominator
times the derivative of the numerator, minus the numerator times the

derivative of the denominator, all divided by the denominator squared.
Given f(x) = g(x)/h(x),

_h()-9'x) —g(x) - ' (x)
[R(x)]?

f'()

Example 6. Given

3

f®) =+

where g(x) = 5x3 and h(x) = 4x + 3, we know that g'(x) = 15x2 and

h'(x) = 4. Substituting these values in the quotient-rule formula (3.4),

(4x + 3)(15x2) — 5x3(4)
(4x + 3)?

flex) =

Simplifying algebraically,
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60x> +45x? — 20x>  40x® +45x* 5x?(8x +9)
(4x + 3)2 T (4x+3)2  (4x+3)2

flex) =

9.6.7 The Generalized Power Function Rule

The derivative of a function raised to a power, f(x) = [g(x)]", where
g(x) is a differentiable function and n is any real number, is equal to the
exponent n times the function g(x) raised to the n — 1 power, multiplied
in turn by the derivative of the function itself g’(x). Given f(x) =

[g(0)]",
f'e) =nlg@]" ™" g'(x)

Example 7. Given f(x) = (x3 + 6)°, let g(x) = x3 + 6, then g’ (x) =
3x2. Substituting these values in the generalized power function formula
(3.5) gives

f'(x) =53 +6)°"1 - 3x2
Simplifying algebraically,
f'(x) =53+ 6)*-3x? = 15x%(x3 + 6)*
9.6.8 The Chain Rule

Given a composite function, also called a function of a function, in which y
is a function of u and w in turn is a function of x, that is, y = f(u) and u =
g(x), theny = f[g(x)] and the derivative of y with respect to x is equal to
the derivative of the first function with respect to u times the derivative of
the second function with respect to x :

dy dy du
dx du dx

Example 8. Consider the function y = (5x2 + 3)*. To use the chain rule,
let vy =u* and u =5x?+ 3. Then dy/du = 4u® and du/dx = 10x.
Substitute these values in (3.6):

dy

4u3 - 10x = 40xu?
dx
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Then to express the derivative in terms of a single variable, substitute 5x? +
3 for u.

d
% = 40x(5x% + 3)3

For more complicated functions, different combinations of the basic rules
must be used.

Check Your Progress

1. Find dy/dx for y = 3x* — 5x* + 7x — 2.

9.7 HIGHER-ORDER DERIVATIVES

The second-order derivative, written f (x), measures the slope and the rate
of change of the first derivative, just as the first derivative measures the

slope and the rate of change of the original or primitive function. The
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third-order derivative f (x) measures the slope and rate of change of the
second-order derivative, etc. Higher-order derivatives are found by

applying the rules of differentia tion to lower-order derivatives

Higher-order derivatives are found by successively applying the rules of
differentiation to derivatives of the previous order. Thus, if f(x) = 2x* +
5x3 + 3x2,

f'(x) =8x3+15x%+ 6x

f"(x) =24x*+30x+6

f"(x) =48x+30
fOx) =48fG@) =0

9.8 IMPLICIT DIFFERENTIATION

Most explicit functions in introductory economics place the dependent
variable to the left of the equal sign and the independent variable to the
right. However, advanced economics courses often use implicit functions
with variables and constants to the left of the equal sign. Not all implicit
functions may be transformed to explicit by solving for the dependent
variable in terms of the independent variable. Those not easily convertible
may find the derivative using implicit differentiation.

Example 9. Samples of explicit and implicit functions include:
Explicit:

4 3
y=4xy=x2+6x—7y=ﬂ
x?—13

Implicit:

8x+5y—21=03x>—8xy —5y—49 =035x3y” —106 =0
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Example 10. Given 3x* — 7y> — 86 = 0, the derivative dy/dx is found
by means of implicit differentiation in two easy steps.

1 Differentiate both sides of the equation with respect to x while

treating y as a function of x,
d d
- 4 _ 7.5 _ i
P (Bx* — 7y~ — 86) P (0)
d d d d
4y _ 5 _ =
- Bx) ———(7y%) —==(86)  =—--(0)

where :—x(Sx“) = 12x3, (86) =0,— (0) = 0. Using the generalized

power function rule for (7y5) and noting that (y) == we get
d d dy
— (7VO= G . 51 | Sy & 4.2
Ty =T7:5-y7 - (y) =35y

Substitute the above values in (3.7).

29y

12x3 — 35y Ix

=0

(2) Now simply solve (3.8) algebraically for dy/dx :

d

—35y* dy = —12x3
dy  12x°
dx  35y%

9.9 LIST OF SOME BASIC DIFFERENTIATION
FORMULAE

d A
a) — (™) =nx" 3

b) % (c) =0 (where c is a constant)
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) —(FO) £ g(0) == (f(0)) £ = (9(x))

d) —(F(0)-9() = @) g@) +f(x) - g' ()

a (f)Y _ f)g)-f(x)g'x)
e) dx (g(x)) - (g(x))z

N =(flgt) = F(9()-g'()
0) = (e¥) = ¢

h) % (logp(x)) = _x-li(b) (where b is the base of the logarithm)

i) o (sin(0) = cos(x)

) = (cos(x)) = ~sin(x)

k) o (tan(@)) = sec*(x)

) %(CSC(X)) = —csc(x) cot(x)
m) o (sec(x)) = sec(x) tan(x)
n) %(cot(X)) = —csc?(x)

0) = (sin"!(%)) = =

1
—x2

p) = (cosI(®)) = — =

1
1+x2

0) - (tan"'(x)) =
r %(sinh(x)) = cosh(x)

S) ;—x(cosh(x)) = sinh(x)
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t) :—x(tanh(x)) = sech?(x)

u) = (eseh(x)) = —cseh(x) - coth(x)
V) < (sech(x)) = —sech(x) - tanh(x)
w) == (coth(x)) = —esch’® (x)

X) :—x(arcsinh(x)) = ﬁ

y) % (arccosh(x)) = %

1
1—x2

) %(arctanh(x)) =

9.10 SUMMARY

In the present unit, we have covered the following concepts

» Limits: The fundamental building block of calculus, representing
the value a function approaches as the input approaches a certain
point.

» Continuity: A function is continuous at a point if its limit exists and
equals the function's value at that point.

> Derivative: Measures the rate of change of a function. Defined as:

oy g S+ h) = f(x)
fo ==

> Rules of Differentiation: Power rule, product rule, quotient rule,
and chain rule are essential for computing derivatives.

» Higher-order Derivatives: The derivative of a derivative,
representing more complex rates of change.

» Implicit Differentiation: Used to differentiate equations not

explicitly solved for y.
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» Basic Differentiation Formulae: Include derivatives of

polynomials, trigonometric, exponential, and logarithmic functions.

9.11 GLOSSARY

Derivative: The instantaneous rate of change of a function.
Differentiation: The process of finding a derivative.

Limit: The value approached by a function as its argument approaches a
specified value.

Continuity: A property where a function has no break at a point.
Differentiability: The property of having a derivative at a point.

Tangent: A straight line touching a curve at a point with the same local
direction.

Rate of Change: The change in one quantity relative to change in another.
Chain Rule: A differentiation rule for composite functions.

9.12 EXERCISES

Compute the following limits

2
. x“=2
1. lim
x—0 xX—2
. sinx
lim

2.

x-0 X

. 5x
3. lim =
x—o0 X°+1

4. Test for continuity at the given points:
x%-1
a) f(x) —;atx =1
b)yg(x) =|x—3|atx =3
5. Find the derivative of the following functions using basic
differentiation rules:
a) f(x) =3x>—7x2+ 4
b) g(x) = sin x - e*

3
¢) h(x) = 5
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6. Calculate higher-order derivatives for:
a) f(x) =x*—2x3+x
b) g(x) = e *sin x
7. Use implicit differentiation to find % for:
a) x2+y? =25
b) x3 + y3 = 6xy
8. Apply the chain rule to compute the derivative of:

a) f(x) = (Bx% +1)°
b) g(x) = tan (In x)

9.13 SUGGESTED READINGS

1. H. Anton, I. Birens and S. Davis, Calculus, John Wiley and Sons,
Inc., 2002.

2. G.B. Thomas and R.L. Finney, Calculus, Pearson Education, 2007.

3. T. M. Apostol, Calculus Vol I, Wiley & Sons (Asia) Pvt. Ltd,
1991.

4. Gorakh Prasad, Differential Calculus, Pothishala Pvt. Ltd.,
Allahabad, 2016.
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UNIT 10 APPLICATIONS OF DERIVATIVE IN

ECONOMICS
STRUCTURE
10.1. Introduction
10.2. Obijectives
10.3. Increasing and decreasing functions
10.4. Concavity and convexity
10.5. Relative extrema
10.6. Point of inflection
10.7. Optimization of functions
10.8. Marginal concepts
10.9. Optimizing economic functions
10.10. Relationship among total, marginal, and average concepts
10.11. Summary
10.12. Glossary
10.13. Exercises
10.14. Suggested Readings

10.1 INTRODUCTION

Derivatives play a crucial role in economics, providing tools to analyze and

optimize functions representing cost, revenue, profit, and utility. By

understanding the behavior of functions—whether they are increasing,

decreasing, concave, or convex—economists can make informed decisions

about production, pricing, and resource allocation. This unit explores how

derivatives are used to determine relative extrema, points of inflection, and

optimize economic functions. Additionally, the unit introduces marginal

concepts and their relationship to total and average values, which are

essential for understanding economic efficiency and profit maximization.
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10.2 OBJECTIVES

After completing this unit, you will be able to

>

Identify increasing and decreasing functions using the first
derivative.

Analyze the concavity and convexity of functions to determine their
shape.

Find relative maxima and minima (extrema) using critical points and
the second derivative test.

Locate points of inflection and understand their significance in
economic models.

Apply derivatives to optimize cost, revenue, and profit functions.
Understand and compute marginal cost, marginal revenue, and
marginal profit.

Analyze the relationship between total, marginal, and average

economic concepts to guide decision-making.

10.3 INCREASING AND DECREASING
FUNCTIONS

A function f(x) is said to be increasing (decreasing) at x = a if in the

immediate vicinity of the point [a, f(a)] the graph of the function rises

(falls) as it moves from left to right. Since the first derivative measures the

rate of change and slope of a function, a positive first derivative at x = a

indicates the function is increasing at s; a negative first derivative indicates

it is decreasing. In short, as seen in Fig. 10.1,

f'(a) > 0: increasing function at x = a
f'(a) < 0: decreasing function at x = a
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A function that increases (or decreases) over its entire domain is called a

monotonic function. It is said to increase (decrease) monotonically.

Slope < 0
Decreasing function at x = a

(b)

Slope > 0
Increasing function at x = «

(a)

Figure 10.1: Increasing and decreasing function

10.4 CONCAVITY AND CONVEXITY

A function f(x) is concave at x = a if in some small region close to the
point [a, f (a)] the graph of the function lies completely below its tangent
line. A function is convex at x = a if in an area very close to [a, f (a)] the
graph of the function lies completely above its tangent line. A positive
second derivative at x = a denotes the function is convex at x = a; a
negative second derivative at x = a denotes the function is concave at a.
The sign of the first derivative is irrelevant for concavity. In brief, as seen
in Fig. 4-2 and Problems 4.1 to 4.4,

f"(a) >0: f(x)isconvexatx = a
f"(a) <0: f(x)isconcaveatx =a
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| |
1 |

a x a X

{a) f(a)>0 (b)) flay<O
fa) >0 Sa)=0

Convex at x = a

Figure 10.2 Convex function

B o v -

X a X

(d) ffla)<0
f(a)<0

Concaveatx =a

Figure 10.3 Concave function

10.5 RELATIVE EXTREMA

A relative extremum is a point at which a function is at a relative maximum
or minimum. To be at a relative maximum or minimum at a point a, the
function must be at a relative plateau, i.e., neither increasing nor decreasing
at a. If the function is neither increasing nor decreasing at a, the first
derivative of the function at a must equal zero or be undefined. A point in
the domain of a function where the derivative equals zero or is undefined is

called a critical point or value.
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To distinguish mathematically between a relative maximum and minimum,

the second-derivative test is used. Assuming f'(a) = 0,

1 If f”(a) > 0, indicating that the function is convex and the graph
of the function lies completely above its tangent line at x = a, the

function is at a relative minimum at x = a.

2 If f"(a) < 0, denoting that the function is concave and the graph of
the function lies completely below its tangent line at x = a, the

function is at a relative maximum at x = a.
3 If f""(a) = 0, the test is inconclusive.

For functions which are differentiable at all values of x, called differentiable
or smooth functions, one need only consider cases where f’'(x) =0 in

looking for critical points. To summarize,

f'(a)=0 f"(a)>0: relative minimum atx = a
f'(a)=0 f"(a) <0: relative maximum atx = a

See Fig. 4-3 and Problems 4.5 and 4.6.

1 “w )

<

Sa)=0 f{a) =0
f"a) >0 fla) <0
Relative Minimum at x = @ Relative Maximum at x = a
(a) (b}

Figure 10.4 Relative extrema
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10.6 POINT OF INFLECTION

An inflection point is a point on the graph where the function crosses its
tangent line and changes from concave to convex or vice versa. Inflection
points occur only where the second derivative equals zero or is undefined.
The sign of the first derivative is immaterial. In sum, for an inflection point

at a, as seen in Fig. 4-4 and Problems 4.6 and 4.7(c),

1 f"(a) = 0 orisundefined.
2 Concavity changes at x = a.

3 Graph crosses its tangent line at x = a.

\

V1 Ld \ /
| l \
\
| | I\ (A
| | 1\ /1
L |
o X o RS o 1 u
a) =0 fla)y=0 fla) <0 f'la) >0
fa)=0 fa)=0 S a) =0 f'la)=0
(a) (b) (¢) (d)

Inflection Points at x = a

Figure 10.5 Point of Inflexion

10.7 OPTIMIZATION OF FUNCTIONS

Optimization is the process of finding the relative maximum or minimum

of a function. Given the usual differentiable function,

1. Take the first derivative, set it equal to zero, and solve for the critical
point(s). This step represents a necessary condition known as the

first-order condition. It identifies all the points at which the function
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is neither increasing nor decreasing, but at a plateau. All such points
are candidates for a possible relative maximum or minimum.

2. Take the second derivative, evaluate it at the critical point(s), and
check the sign(s). If at a critical point a,
f"(a) < 0, the function is concave at a, and hence at a relative
maximum.
f"(a) > 0, the function is convex at a, and hence at a relative
minimum.
f"(a) =0, the test is inconclusive. See Section 4.6.
Assuming the necessary first-order condition is met, this step,
known as the second-order derivative test, or simply the second-

order condition, represents a sufficiency condition. In sum,

Relative maximum  Relative minimum
fl(@=0 fl(@)=0
f(@) <0 f(@)>0
Note that if the function is strictly concave (convex), there will be only
one maximum (minimum), called a global maximum (minimum). See

Example 1 and Problems 4.7t0 4.9 .

Example 1. Optimize f(x) = 2x3 — 30x2 + 126x + 59.
a) Find the critical points by taking the first derivative, setting it equal to

zero, and solving for x.

f'(x) = 6x* —60x+ 126 =0
6(x—3)(x—7)=0
x = 3 x = 7 critical points

(b) Test for concavity by taking the second derivative, evaluating it at the
critical points, and checking the signs to distinguish beteween a relative

maximum and minimum.
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f"(x) =12x — 60
f"(3) =12(3) — 60 = —24 < 0 concave, relative maximum
f"(7) =12(7) — 60 = 24 > 0 convex, relative minimum

The function is maximized at x = 3 and minimized at x = 7.

10.8 MARGINAL CONCEPTS

Marginal cost in economics is defined as the change in total cost incurred
from the production of an additional unit. Marginal revenue is defined as
the change in total revenue brought about by the sale of an extra good. Since
total cost (TC) and total revenue (TR) are both functions of the level of
output (@), marginal cost (MC) and marginal revenue (MR) can each be
expressed mathematically as derivatives of their respective total functions.

Thus,

if TC = TC(Q), then MC = ‘;iQC

and if TR = TR(Q), then MR = %

In short, the marginal concept of any economic function can be expressed

as the derivative of its total function.
Example 1.

1 If TR = 750 — 4Q?, then MR = dTR/dQ = 75 — 80.
2 If TC = Q2 + 7Q + 23, then MC = dTC/dQ = 2Q + 7.

Example 2. Given the demand function P = 30 — 2Q, the marginal
revenue function can be found by first finding the total revenue function

and then taking the derivative of that function with respect to Q. Thus,

TR = PQ = (30 — 2Q)Q = 30Q — 20?2
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Then

MR—dTR—SO 4
T Q

If Q = 4,MR = 30 — 4(4) = 14; if Q = 5,MR = 30 — 4(5) = 10.
Check Your Progress

1. If the total cost function is C(q) = 100 + 20q + 292, find the marginal cost
atqg=>5.

2. If the total revenue function is R(q) = 50q — g2, find the marginal revenue
atq = 10.

3. Given n(q) = 60q — 2¢*> — 100, find the output level that maximises profit

and verify the maximum using the second derivative.
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10.9 OPTIMIZING ECONOMIC FUNCTIONS

The economist is frequently called upon to help a firm maximize profits and
levels of physical output and productivity, as well as to minimize costs,
levels of pollution, and the use of scarce natural resources. This is done with

the help of techniques developed earlier.

Example 1. Maximize profits = for a firm, given total revenue R =
4000Q — 33Q? and total cost C = 2Q3 — 3Q? + 400Q + 5000, assuming
Q>0.

a) Set up the profit function:m =R — C.

™ =4000Q — 330% — (203 — 3Q2 + 400Q + 5000)
= —203% = 3002 + 3600Q — 5000

b) Take the first derivative, set it equal to zero, and solve for Q to find the
critical points.

m’ = —6Q%—60Q + 3600 =0
=—-6(Q%? +10Q —600) =0
=—-6(Q+30)(Q—-20)=0

Q = —30Q = 20 critical points

c) Take the second derivative; evaluate it at the positive critical point and
ignore the negative critical point, which has no economic significance and
will prove mathematically to be a relative minimum. Then cheek the sign
for concavity to be sure of a relative maximum.

n"” =-12Q — 60
n'(20) = —-12(20) — 60 = —300 < 0 concave, relative maximum

Profit is maximized at Q = 20 where

7(20) = —2(20)% — 30(20)2 + 3600(20) — 5000 = 39,000.
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10.10 RELATIONSHIP AMONG TOTAL,
MARGINAL, AND AVERAGE
CONCEPTS

A total product (TP) curve of an input is derived from a production function
by allowing the amounts of one input (say, capital) to vary while holding
the other inputs (labor and land) constant. A graph showing the relationship
between the total, average, and marginal products of an input can easily be
sketched by using now familiar methods, as demonstrated in the following
example.

Example 1. Given TP = 90K? — K3, the relationship among the total,
average, and marginal products can be illustrated graphically as follows.

1 Test the first-order condition to find the critical values.
TP’ = 180K —3K? =0
3K(60—-K)=0
K = 0 K = 60 critical values

Check the second-order conditions.

TP"” = 180 — 6K

TP*(0) = 180 > 0

TP (60) = —180 < 0 convex, relative minimum
concave, relative maximum

Check for inflection points.

Since, at K = 30, TP* = 0 and concavity changes, there is an inflection
print at K = 30.
2. Find and maximize the average product of capital APy.

AP —TP—9OK K?
K= =

APy =90—-2K =0
K = 45 critical value
APy = —2 < 0 concave, relative maximum
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10.11 SUMMARY

In this unit, we have covered the following concepts

>

Increasing and Decreasing Functions: A function is increasing
when its derivative is positive and decreasing when the derivative is
negative.

Concavity and Convexity:

Concave functions have a negative second derivative, while convex

functions have a positive second derivative.

Relative Extrema: Points where the function reaches local maxima
or minima, identified by setting the first derivative to zero and using
the second derivative test.

Point of Inflection: A point where the concavity of a function
changes, found by setting the second derivative equal to zero.
Optimization of Functions: Derivatives help maximize profit,
minimize cost, and optimize production functions.

Marginal Concepts: Marginal cost, revenue, and profit represent
the rate of change of total cost, revenue, and profit, respectively.

Relationship among Total, Marginal, and Average:
Marginal values are the derivatives of total functions.

Average functions are obtained by dividing the total by the quantity

produced.

10.12 GLOSSARY

Marginal Cost: The change in total cost caused by a small change in

output.

Marginal Revenue: The change in total revenue caused by a small
change in output.
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Marginal Product: The additional output resulting from one more unit of
an input.

Profit Function: A function representing revenue minus cost.
Maximum: A value greater than nearby values of a function.
Minimum: A value smaller than nearby values of a function.
Optimization: The process of finding maximum or minimum values.

Elasticity: A measure of responsiveness of one economic variable to
another.

10.13 EXERCISES

1 Determine whether the following functions are increasing or
decreasing:
a) f(x) =4x3 —9x® +6x—1
b) g(x) =e™ - (x + 2)

2 Analyze concavity and points of inflection:
a) f(x) = x* — 4x3 + 6x?
b) g(x) =In (x? + 1)

3 Find the relative extrema of the following functions:
a) f(x) =x3—6x2+9x+5
b) g(x) = 5 —

4 Locate the points of inflection for:

a) h(x) = x5 — 5x3 + 4x
b) k(x) = e*(x — 3)

5 Optimize the following economic functions:
a) Profit function P(x) = —2x2 + 10x — 12
b) Cost function C(x) = x> —3x%+ 7x + 5
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6 Compute the marginal concepts for the following total functions:
a) Total revenue R(x) = 10x — 0.5x2
b) Total cost C(x) = 3x% + 5x + 20

7 Establish the relationship between total, marginal, and average for
the following:
a) T(x) =12x* +3x + 15

b) T(x) = x3 — 4x% + 6x + 9.
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UNIT 11 DIFFERENTIATION OF
MULTIVARIABLE FUNCTIONS

STRUCTURE
11.1. Introduction
11.2. Obijectives
11.3. Partial Derivatives
11.4. Optimization of multivariable functions
11.5. Constrained optimization with Lagrange multipliers
11.6. Total and partials differentials and total derivative
11.7. Rules for implicit and inverse function
11.8. Summary
11.9. Glossary

11.10. Exercises
11.11. Suggested Readings

11.1 INTRODUCTION

Multivariable functions extend the concept of single-variable calculus to
functions that depend on two or more variables. These functions are
essential in economics, where multiple factors often influence outcomes
simultaneously. For example, production levels may depend on both labor
and capital, while demand may vary with price and income. Understanding
how to analyze and optimize such functions is crucial for economic
modeling, forecasting, and decision-making. This unit explores partial
derivatives, optimization techniques, constrained maximization with
Lagrange multipliers, and the application of total differentials and implicit

functions.
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11.2 OBJECTIVES

By the end of this unit, you will be able to:

> Understand and compute partial derivatives of multivariable
functions.

> Apply optimization techniques to functions with multiple variables.
> Perform constrained optimization using Lagrange multipliers.

> Utilize total and partial differentials to analyze small changes in
economic functions.

> Apply implicit differentiation and inverse function rules to solve
complex economic models.

11.3 PARTIAL DERIVATIVES

Let z = f(x,y) is a function of two variables x and y then may have three

cases
I.  Only variable x is varying while variable y is fixed.
Il.  Only variable y is varying while variable x is fixed.
1. Both the variables x and y varying simultaneously.

In first case, if we differentiate z with usual rules with respect to x regarding

y as a constant, then this derivative of z is called partial derivative of z with

respect to z and denoted by Z—i or Z—£ or f, and defined by

Dxlh B a0 h

0z _gz lmf(x+h»J’) _f(x,}’)
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or

Similarly, partial derivative of z with respect to z and denoted by g—; or 3y

or f,, and defined by

oz _of limf(x,y +k)—f(x,y)
dy ay k-0 k .

Higher Order Partial Derivatives: Let z = f(x,y) then Z—i,g—; being the

functions of x and y can be further differentiated partially w.r.t. x and y.

These derivatives are called second order partial derivatives of z and

denoted by
0%z _ 62f (af)
ax - ox = 5x\ox
022 2f (af)
ay? =l = dy \dy
0%z 2f | (6]‘)
0xdy _ 0xdy = oy = dy \dx
0%z 2f <6f>
dyox dyax ¥* " ax\ay
0%z 9%z . oz oz 9%z 9%z
Note that Pyl ver also we write Pl Sk ek e
9%z
'9xdy

Note: Let f(x,y,z) is a function of three variables x,y and z. The

notation f,,,, is shorthand for ((((fz)y) ) ) , S0 we differentiate with
zZ y &

respect to z, then with respect toy, thenz, theny, then x. That is, we

read left to right.

It's worth pointing out that the order is different in the other notation:
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990 d0f a5f

0xdydzdy oz 09xdy 0z dy 9z

sth 4th 3rd ond 15t

Example 1. If f(x,y) = sin(xy) + 3xy then find ‘;—i and Z—’;.
) of
Solution: P cos(xy)y + 3y py - cos(xy)x + 3x.

_2 Ly ind 2 and 2
Example 2. If z = = + 25+ 10 then find ——and P

Solution: Given that,

xZ yZ
Z=E+ﬁ+10

Differentiate z partially w.r.t. x (treating y as a constant) we get

az_Zx
dx  a?

Differentiate z partially w.r.t. y (treating x as a constant) we get

0z 2y
dy b?

Example 3. If f(x,y) = 3,3 then find % gnd 3‘5-

X
Solution: Differentiate f partially w.r.t. x (treating y as a constant) we get

O ik SN vt

fx(xJ’)ZYax_l_ys:y (x + y3)2 _(x+y3)2'

Differentiate z partially w.r.t. y (treating x as a constant) we get

a y _ (x+y)-3y* x(x-2y°)
dyx+y: . @+y)2  (x+y0)7

fy(xr.V) =X
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Example 4. If f(x,y) = xlog (x + y3) then flnd and

Solution: Differentiate f partially w.r.t. x (treating y as a constant) we get

d
fo(x,y) =In(x + y3) + xaln(x +y3) =In(x +y3) +

x+y3’
Differentiate z partially w.r.t. y (treating x as a constant) we get

3xy?
x-+uy3

0
fy) =x=—In(x +y) =

Example 4. Find all first order partial derivatives of the function
w = f(x,y,z) = xyz —xe* + xsiny.

Solution: Given that

w = f(x,y,z) = xyz — xe* + xsiny.

w is a function of three variables x, y and z, therefore

fi(x,y) = —(xyz—xe + xsiny) = yz — (e* + xe*) + siny

o]
f(xy) = @(xyz —xe* +xsiny) = xz+ xcosy

0
f,(x,y) = a—Z(xyz —xe* + xsiny) = xy.

Example 5. Find all the second order partial derivatives of f(x,y) =

sin(x)y2.

Solution: First, we find both first order partial derivatives:

2 . 3
55 (i) y?) = cos(x) y*
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J . oo
3y (sin(x) y?) = 2 sin(x)y

Now we compute second order partial derivatives

g = aa_x (%) = aa_x (cos(x) y?) = —sin(x)y?,
Ziy]: . ;—y(%) - ;—y(z sin(x)y) = 2 sin(x),
aayzc'{x - c’%(g) - :_y(co s(x)y?) =2y cos(x),
a(zgy . % (g) = % (2 sin(x)y) = 2 y cos(x).

11.4 OPTIMIZATION OF MULTIVARIABLE
FUNCTIONS

Definition 11.4.1. Relative Extrema of a Two-Variable Function.

Let z = f(x,y) be a function defined on a region R S R%containing the

point (xg, ¥o)-

Then f has a relative maximum at (xq, yo) if f(x,y) < f(x0,y,) forall
points (x, y) that are sufficiently close to (x,, yy). The number f(x,, vo)

is the relative maximum value.

Then f has a relative minimum at (x,, vo)if f(x,y) = f(xo, o) forall
points (x, y) that are sufficiently close to (x,, v,). The

number f (x,, yo) IS the relative minimum value.

Definition 11.4.2 Absolute Extrema of a Two-Variable Function.
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Let z = f(x,y) be a function defined on a region R € R?containing the

point (xq, yo)-

Then f has an absolute maximum at (x,, yo) if f(x,y) < f(xq,y,) for
all points (x,y) € R. The number f(x,,yo) is the absolute

maximum value.

Then f has an absolute minimum at (xq, yo)if f(x,y) = f(xo,¥,) for all

points (x,y) € R. The number f(x,, y,) is the relative minimum value.
Definition 11.4.3 Critical Point of a Two-Variable Function.

Let z = f(x,y) be a function defined on a region R € R?containing the

point (xq, yo)-

The point (x,, yo) in R isa critical point of fif both £, (xy, vo) = 0
and £, (xo,¥0) = 0 or at least one of the derivatives f, (xo, ¥o)

or f,(xo,¥o) does not exist.
Theorem 11.4.4. Second Derivative Test for Two-Variable Functions.

Suppose that the second partial derivatives of f(x,y) are continuous

near (xo, ¥o), and £ (xo,¥0) = f5(x0,¥0) = 0. We denote
by D the discriminant

D(x0,¥0) = fax(X0,Y0) fyy(XOIyO) = fxzy(xo:YO) .

1. IfD > 0and fiy(x0,¥0) <O00r f,,(x0,¥0) <O thereisarelative

maximum at (x, Vo),

2. 1fD > 0and f, (%9, ¥0) > 0o0r fy,(x0,¥0) > 0 there is arelative

minimum at (x,, yo)-
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Note:

If D < 0 there is neither a maximum nor a minimum

at (xg, o), but a saddle.

If D = 0, the test fails.

If the discriminant is positive at the point (x,, v) and fi, <
0, then the surface curves downward in all directions giving rise to

a relative maximum.

If the discriminant is positive at the point (x,, yo) and f;, >
0, then the surface curves upward in all directions giving rise to a

relative minimum.

If the discriminant is negative at the point (x,, y,) , then the
surface curves up in some directions and down in others. This

behaviour creates a so-called saddle point at (x,, ¥,)-

Definition 11.4.5 Saddle Point.

Given the function f(x, y), the point (x,, y,) is called a saddle
point of f if

1.

there is at least one point (x, y) arbitrarily close to (x,, y,)for
which f(x,y) > f(xo,v,),and

there is at least one point (x, y) arbitrarily close to (x,, y,)for
which f(x,y) < f(x0, ¥0)-

Example 1. Verify that f(x,y) = x? + y? has a minimum at (0,0).

Solution. First, we compute all the needed derivatives:

f;{:2x,fyzzy,f;cxzz,fyyzz,fxy:().
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For critical point put f, = 0 and f,, = 0 which gives the point (0,0).
Now D(0,0) = £,,(0,0) £,,(0,0) — £2(0,0) =2.2—0=4> 0.
So, there is a relative minimum at (0,0).

Example 2. Verify that f(x, y) = x? — y? neither has a maximum nor

minimum at (0,0).
Solution. First, we compute all the needed derivatives:
fe=2%fy = =2y, frx = 2.fyy = =2, fuy = 0.
For critical point put f, = 0 and f,, = 0 which gives the point (0,0).
Now D(0,0) = f(0,0) £,,(0,0) — £2(0,0) =2.-2—-0=—4<0.

So, (x,y) = x% — y? neither has a maximum nor minimum at (0,0) and
(0,0) is saddle point.

Example 3. Find the extrema of f(x,y) = x* + y*.
Solution. First, we compute all the needed derivatives:

fe = 4%3,fy, = 4V3, fix = 1222, fyy = 12y%, fiy = 0.
For critical point put f, = 0 and f,, = 0 which gives the point (0,0).
Now D(0,0) = £,,.(0,0) £,,(0,0) — £2(0,0) =0.0—0 = 0.

So, we get no information. However, in this case it is easy to see that there

is a minimum at (0,0), because f(0,0) = 0 and at rest of the points
f(x,y) > 0.

Example 4. A certain company produces and sells entertainment units.

The total weekly revenue and cost in dollars is given by

Mathematical Methods for Economics 188



R =—1 Z—E 2—1 280 260 1000
(x,y) 4x 8y 4xy+ x + y+ ,

and
C(x,y) = 160x + 160y + 6000

respectively, where x denotes the number of fully assembled units
and y the number of kits produced and sold each week. Find the
company's maximum profit per week, and the number of assembled units

and kits that must be produced and sold to achieve this profit.

Solution. The weekly profit is given by
P(x'y) = R(ny) - C(x,y)

_(_1 2_3 2 _ 1 _
= (—3x% = 2y? — Zxy + 280x + 260y + 1000)
(160x + 160y + 6000)

= —2x% —y% —~xy + 120x + 110y + 5000,

where x > 0and y > 0.
To find the relative maximum profit per week, we calculate the critical

points by setting the first partial derivatives equal to zero:

1 1
Px=—5x—1y+120=0

SRS NaW\
7Y VAo 4~ S

Solving these equations, we get the only critical point (208,64).

We now apply the Second Derivative Test to confirm that the weekly
maximum profit occurs at (208,64). For this we need the second partial

derivatives of P:

Mathematical Methods for Economics 189



Therefore, the discriminant is given by

D( )_( 1)( 3) ( 1)2_3 1_5>0

%V \ Y 4) "8 16 16

for all (x,y)in the domain ofPand, in particular, D(208,64) >
0. Since P,,.(208,64) = —12 < 0, the point (208,64) leads to a relative
maximum of P. Hence, the maximizing number of assembled units is 208

units and the maximizing number of Kits is 64 Kits, whose production and
sale leads to a weekly profit of

P(208,64) = —%(208)2 —%(64)2 —%(208)(64) +120(208)

+ 110(64) — 5000 = $10,680.

11.5 CONSTRAINED OPTIMIZATION WITH
LAGRANGE MULTIPLIERS

Differential calculus is also used to maximize or minimize a function
subject to constraint. Given a function f(x,y) subject to a constraint

g(x,y) = k (a constant), a new function F can be formed by
(1) setting the constraint equal to zero,
(2) multiplying it by A (the Lagrange multiplier), and
(3) adding the product to the original function:
Fx,y,2) = f(x,y) + Ak — g(x, )] (A)

Here F(x,y,A) is the Lagrangian function, f(x,y) is the original or

objective function, and g(x,y) is the constraint. Since the constraint is
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always set equal to zero, the product A[k — g(x,y)] also equals zero, and
the addition of the term does not change the value of the objective function.
Critical values x,, y,o, and 4,, at which the function is optimized, are found
by taking the partial derivatives of F with respect to all three independent

variables, setting them equal to zero, and solving simultaneously:
E(x,y,1) =0E,(x,y,4) =0F(x,y,4) =0
Example 1. Optimize the function
z = 4x? + 3xy + 6y?
subject to the constraint x + y = 56.

1 Setthe constraint equal to zero by subtracting the variables from the

constant as in (A),

56 —x—y=0

Multiply this difference by A and add the product of the two to the objective

function in order to form the Lagrangian function Z.
Z=4x2+3xy+6y*+A(56 —x —y) (1)

2 Take the first-order partials, set them equal to zero, and solve

simultaneously.

78— g 80— U (2)
Zy,=3x+12y—-1=0 (3)
Z;=56—x—y=0 (4)

Subtracting (3) from (2) to eliminate A gives
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56 =9y =0x = 1.8y
Substitute x = 1.8y in (4),
56 -18y—y =0y, =20
From which we find
Xy = 361, = 348
Substitute the critical values in (1),

Z  =4(36) + 3(36)(20) + 6(20)% + (348)(56 — 36 — 20)
= 4(1296) + 3(720) + 6(400) + 348(0) = 9744

11.6 TOTAL AND PARTIALS DIFFERENTIALS
AND TOTAL DERIVATIVE

In unit 8 we seen that he derivative dy/dx was presented as a single symbol
denoting the limit of Ay/Ax as Ax approaches zero. The derivative dy/dx
may also be treated as a ratio of differentials in which dy is the differential
of y and dx the differential of x. Given a function of a single independent
variable y = f(x), the differential of y,dy, measures the change in y

resulting from a small change in x, written dx.

Given y = 2x? + 5x + 4, the differential of y is found by first taking the
derivative of y with respect to x, which measures the rate at which y
changes for a small change in x,

dy

T 4x + 5 a derivative or rate of change

and then multiplying that rate at which y changes for a small change in x

by a specific change in x(dx) to find the resulting change in y(dy).
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dy = (4x + 5)dx

Change in y = rate at which y changes for a small change in x. a small

change inx.
Example 1. If y = 4x3 + 5x? — 7, then dy/dx = 12x% + 10x and the
differential is

dy = (12x% + 10x)dx
Example 2. If y = (2x —5)?, then dy/dx = 2(2x — 5)(2) = 8x — 20
and the differential is

dy = (8x —20)dx

Total and partial differentials

For a function of two or more independent variables, the total differential
measures the change in the dependent variable brought about by a small
change in each of the independent variables. If z = f(x,y), the total
differential dz is expressed mathematically as

dz = zydx + z,dy

where z, and z,, are the partial derivatives of z with respect to x and y

respectively, and dx and dy are small changes in x and y. The total
differential can thus be found by taking the partial derivatives of the
function with respect to each independent variable and substituting these
values in the formula above.

Example 1. Given: z = x* + 8xy + 3y3
Zy = 4x° + 8y z,, = 8x + 9y?

which, when substituted in the total differential formula, gives
dz = (4x3 + 8y)dx + (8x + 9y?)dy

Example 2. Given: z = (x —y)/(x + 1)
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The total differential is

_ G+ DA - G-@) _ y+1

% (x + 1)2  (x+1)2
@+ DED - =»O0)  —1(x+1) -1
o= (x + 1) T (et 1?2 x+1
oy +1 1
4= et~ (c57) @

If one of the independent variables is held constant, for example, dy = 0,
we then have a partial differential:

dz = z,dx

A partial differential measures the change in the dependent variable of a
multivariate function resulting from a small change in one of the
independent variables and assumes the other independent variables are

constant.

Givenacase where z = f(x,y) and y = g(x), thatis, when x and y are not
independent, a change in x will affect z directly through the function f and
indirectly through the function g. To measure the effect of a change in x on
z when x and y are not independent, the total derivative must be found. The

total derivative measures the direct effect of x on z, dz/ dx, plus the indirect

effect of x on z through y,g—;j—z. In brief, the total derivative is

dz d
5 & Zy %7 =

dx Y dx

Example 3. An alternative method of finding the total derivative is to take

the total differential of z
dz = zydx + z,dy

and divide through mentally by dx. Thus,
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Since dx/dx =1 .

Example 4. Given
z=f(x,y) =6x3+7y

where y = g(x) = 4x? + 3x + 8, the total derivative dz/dx with respect
to x is

dz dy

dx Zy + Zy a
where z, = 18x?,z, = 7, and dy/dx = 8x + 3. Substituting above,

dZ_

Tx 18x% + 7(8x + 3) = 18x2 + 56x + 21

To check the answer, substitute y = 4x2 + 3x + 8 in the original function
to make z a function of x alone and then take the derivative as follows:

z=6x3+7(4x? +3x+8) = 6x3 + 28x% + 21x + 56

Thus,

dz
— = 18x?% 4+ 56x + 21.
dx

Example 5. The total derivative can be expanded to accommodate other
interconnections as well. Given

z=8x*+3y>x =4ty =5t
the total derivative of z with respect to t then becomes

dz dx dy

at Tty
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where z, = 16x, z, = 6y,dx/dt = 4, and dy/dt = 5. Substituting
above,

dz
i 16x(4) + 6y(5) = 64x + 30y
Then substituting x = 4t and y = 5t immediately above,

dz
T 64(4t) + 30(5t) = 406t.
Check Your Progress

1. For z = x?y + 3xy?, find 0z/0x and 0z/0y.

62/0y>.
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11.7 RULES FOR IMPLICIT AND INVERSE
FUNCTION

As we know, functions of the form y = f(x) express y explicitly in terms
of x and are called explicit functions. Functions of the form f(x,y) = 0 do
not express y explicitly in terms of x and are called implicit functions. If an
implicit function f(x,y) = 0 exists and £, # 0 at the point around which
the implicit function is defined, the total differential is simply f.dx +

fydy =0.

Recalling that a derivative is a ratio of differentials, we can then rearrange
the terms to get the implicit function rule:
d —
Y- (1)
X fy
Notice that the derivative dy/dx is the negative of the reciprocal of the
corresponding partials.

y_h_ 1
" f,  filk

Given a function y = f(x), an inverse function x = f~1(y) exists if each
value of y vyields one and only one value of x. Assuming the inverse
function exists, the inverse function rule states that the derivative of the
inverse function is the reciprocal of the derivative of the original function.
Thus, if Q = f(P) is the original function, the derivative of the original
function is dQ /dP, the derivative of the inverse function [ P = f~1(Q)] is
dP/dQ, and

PR L 'dddQ;tO (2)
a0~ dQ provided —
dpP

Example 1. Given the implicit functions:

@7x2—y=0
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(b) 3x* —7y°>—86=0
the derivative dy/dx is found as follows:
a) From (1),
dy_ _k
dx fy
Here f, = 14x and f,, = —1. Substituting above,

dy  14x

= = 14
dx = (—n

The function in this case was deliberately kept simple so the answer could
easily be checked by solving for y in terms of x and then taking the
derivative directly. Since y = 7x%,dy/dx = 14x.
b)

dy  fo  12x°  12x°
dx  f,  —35y* 35y*

Example 2. Find the derivative for the inverse of the following functions:

1. GivenQ = 20— 2P,

P 1
dQ dQ/dP
where dQ/dP = —2. Thus,
g1~
0 TP G ™,

2. GivenQ = 20— 2P,
dP 1

dQ ~ dQ/dp ~ 9p?

(P#0)
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11.8 SUMMARY

In this unit, we explored the essential concepts of multivariable functions

and their applications in economics. Key topics included:

« Partial derivatives: Measuring the rate of change of a function with

respect to one variable while holding others constant.

e Optimization: Finding maximum or minimum values of
multivariable functions, crucial for-profit maximization and cost
minimization.

« Lagrange multipliers: A method to optimize functions subject to

constraints, commonly used in economic equilibrium analysis.

« Total differentials and derivatives: Tools to approximate changes

in functions and link dependent variables.

e Implicit and inverse functions: Technigques to solve economic
models where relationships between variables are not explicitly
defined.

11.9 GLOSSARY

Multivariable Function: A function depending on two or more
independent variables.

Partial Derivative: The derivative with respect to one variable while
other variables are held constant.

Total Differential: An expression representing the combined change in a
function due to changes in its variables.

First Partial Derivative: A first-order rate of change with respect to one
variable.
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Second Partial Derivative: A derivative obtained by differentiating a first
partial derivative.

Mixed Partial Derivative: A derivative involving differentiation with
respect to two different variables.

Gradient: A vector of first partial derivatives of a scalar function.

Chain Rule: A rule used to differentiate composite multivariable
functions.

11.10 EXCERCISES

1. Calculate the partial derivatives of the following function:
f(x,y) = 3x%y + 4xy? — 5y.
2. Classify the critical points of the following function:
flx,y)=x?>+4y?—-2x+8y—1
3. Classify the critical points of the following function:
flx,y) =x?> —y*+ 6x — 10y + 2
4. Classify the critical points of the following function:
flx,y) =9+ 4x —y — 2x% — 3y?
5. Find the absolute maximum and minimum points of f = x? +
3y — 3xy over
the region bounded by y = x, y = 0,and x = 2.
6. A certain company produces and sells flat screen TVs. The total
weekly
revenue and cost in dollars is given by
R(x,y) = —0.2x? — 0.25y% — 0.2xy + 225x + 135y +
1500, and
C(x,y) = 125x + 45y + 5500
respectively, where x denotes the number of deluxe units
and y the number of standard units produced and sold each

week. Find the company's maximum profit per week, and the
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number of deluxe and standard units that must be produced
and sold to achieve this profit.
7. Optimize the function f(x,y) = xy subject to the constraint x +
y = 10.
8. Differentiate implicitly: x* + y? = 25.
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UNIT 12 APPLICATIONS OF MULTIVARIBLE

CALCULUS IN ECONOMICS

STRUCTURE

12.1.  Introduction

12.2.  Objectives

12.3.  Marginal productivity

12.4. Income determination multipliers and comparative statics
12.5. Income and cross price elasticities of demand

12.6. Differentials and incremental changes

12.7.  Optimization of multivariable functions in economics
12.8.  Constrained optimization of multivariable functions in economics
12.9.  Homogeneous production functions

12.10. Summary

12.11. Glossary

12.12. Exercises

12.13. Suggested Readings

12.1 INTRODUCTION

Multivariable calculus extends the principles of single-variable calculus to

functions involving multiple variables. This branch of calculus is essential

for analyzing complex economic models where multiple factors interact

simultaneously. In economics, multivariable calculus helps measure

marginal productivity, compute elasticities, analyze income determination,

and optimize functions with or without constraints. This unit explores these

applications, providing tools to evaluate how small changes in inputs

influence economic outputs, optimize production, and maximize profit.

Understanding constrained and unconstrained optimization is vital for

resource allocation and decision-making in economic systems.
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12.2 OBJECTIVES

After completing this unit, you will be able to

>

Calculate marginal productivity for functions involving multiple
variables.

Apply income determination multipliers and comparative statics to
economic models.

Compute income and cross-price elasticities of demand.

Use differentials to estimate incremental changes in economic
functions.

Optimize economic functions involving multiple variables.
Perform constrained optimization using methods like Lagrange
multipliers.

Analyze and apply homogeneous production functions in economic

contexts.

12.3 MARGINAL PRODUCTIVITY

The marginal product of capital (MPg) is defined as the change in output

brought about by a small change in capital when all the other factors of

production are held constant. Given a production function such as

Q = 36KL — 2K? — 312

the MPy is measured by taking the partial derivative dQ/ dK. Thus,

)
MPKza—IQ(=36L—4K

Similarly, for labor, MP, = dQ/ dL = 36K — 6L.
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12.4 INCOME DETERMINATION
MULTIPLIERS AND COMPARATIVE
STATICS

The partial derivative can also be used to derive the various multipliers of
an income determination model. In calculating how the equilibrium level of
the endogenous variable can be expected to change in response to a change
in any of the exogenous variables or parameters, income determination
multipliers provide an elementary Exercises in what is called comparative

static analysis or, more simply, comparative statics. Given

Y=C+I+G+(X—2)

where

C :CO+bY G:GO Z:ZO
I =l+a¥ X=X,

Using simple substitution as in Problem 2.19, the equilibrium level of
income is

_ 1
Y=m(CO+IO+GO+X0_ZO) (1)

Taking the partial derivative of (6.1) with respect to any of the variables or
parameters gives the multiplier for that variable or parameter. Thus, the
government multiplier is given by

oY o ]
G, 1-=b—-a

The import multiplier is given by

Y 1

aZO_ 1_b_a
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And the multiplier for a change in the marginal propensity to invest is
given by 0Y /0a, where, by means of the quotient rule,

oY  (1—b—a)(0) = (Co+1Ip+ Gy + Xo — Z)(—1)
da (1—b— a)?
_Co+Ip+Go+Xo—Zg
4 (1—b—a)?

This can alternately be expressed as

1 1
%_1—b—a(CO+IO+GO+X°_ZO)<1—b—a>

which from (1) reduces to
or ¥
da 1-b-a

Example: Given a simple model

Y =C+1,+G, Yd =Y—T
C =C,+bYd T =T,

where taxation does not depend on income, calculate the effect on the

equilibrium level of income of a 1-unit change in government expenditure

exactly offset by a 1-unit change in taxation. That is, do the comparative-

static analysis of finding the balanced-budget multiplier for an economy in

which there is only autonomous taxation.

Y :C0+b(Y_T0)+Io+GO

A 1
Y :m(CO_bTo'i‘Io‘l‘Go)

Thus, the government multiplier is

or 1

oG ME T
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and the tax multiplier is

or  —b

aT, 1-—b
The balanced-budget effect of a 1-unit increase in government spending
matched by a 1-unit increase in taxation is the sum of (6.24) and (6.25).

Therefore,

AP = 1 +(—b>_ 1 b _1—b_1
" 1-b \1-b) 1-b 1-b 1-b

A change in government expenditure matched by an equal change in
government taxation will have a positive effect on the equilibrium level of
income exactly equal to the change in government expenditure and taxation.

The multiplier in this case is +1.

12.5 INCOME AND CROSS PRICE
ELASTICITIES OF DEMAND

Income elasticity of demand e, measures the percentage change in the
demand for a good resulting from a small percentage change in income,
when all other variables are held constant. Cross price elasticity of demand
€. measures the relative responsiveness of the demand for one product to
changes in the price of another, when all other variables are held constant.
Given the demand function

Q1=a—bP1+CP2+mY

where Y = income and P, = the price of a substitute good, the income
elasticity of demand is

) _%ﬁ_y_%(i)
N O, _Ji. St
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and the cross price elasticity of demand is

. 26Q146P226Q1(&>
Q. P, 0P\Qy

Example 1. Given the demand for beef

Qp = 4850 — 5P, + 1.5, +0.1Y (1)

with Y = 10,000, P, = 200, and the price of pork P, = 100. The
calculations for (1) the income elasticity and (2) the cross-price elasticity
of demand for beef are given below.

1)
_00, Y _ 00y (¥
s iy = 5 o) @)
From (1),
900y
and

Q, = 4850 — 5(200) + 1.5(100) + 0.1(10,000) = 5000  (3)

Substituting in (6.3), ey = 0.1(10,000/5000) = 0.2.

With ey < 1, the good is income-inelastic. For any given percentage
increase in national income, demand for the good will increase less than
proportionately. Hence the relative market share of the good will decline as
the economy expands. Since the income elasticity of demand suggests the
growth potential of a market, the growth potential in this case is limited.
2)

v 0Qy 0k, = 00Qp (&)
3 Qb Pp aPp Qb

From (1), 9Q, /0B, = 1.5; from (3), @, = 5000. Thus,
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—15(100)—003
€= >\5000) =

For substitute goods, such as beef and pork, dQ,/dP, > 0 and the cross-
price elasticity will be positive. For complementary goods, dQ,/dP, < 0
and the cross-price elasticity will be negative. If dQ,/dP, = 0, the goods

are unrelated.

Example 2. Continuing with Example 1, the percentage change in the
demand for beef resulting from a 10 percent increase in the price of pork is
estimated as follows:

e =99 0%
° Qb . Pp

Rearranging terms and substituting the known parameters,

. (0.03)(0.10) = 0.003
E— = . . = U.
Qb ¢ Pp

The percentage change in the demand for beef 0Q,/Q; will be 0.3 percent.

12.6 DIFFERENTIALS AND INCREMENTAL
CHANGES

Frequently in economics we want to measure the effect on the dependent
variable (costs, revenue, profit) of a change in an independent variable
(labor hired, capital used, items sold). If the change is a relatively small
one, the differential will measure the effect. Thus, if z = f(x, y), the
effect on z of a small change in x is given by the partial differential

dz = z,dx

The effect of larger changes can be approximated by multiplying the
partial derivative by the proposed change. Thus,

Az = z,Ax
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If the original function z = f(x, y) is linear,

dz _AZ
dx Ax

and the effect of the change will be measured exactly:
Az = z, Ax.

Example 1. A firm's costs are related to its output of two goods x and y.
The functional relationship is

TC = x%2 — 0.5xy + y?

The additional cost of a slight increment in output x will be given by the
differential

dTC = (2x — 0.5y)dx

The costs of larger increments can be approximated by multiplying the
partial derivative with respect to x by the change in x. Mathematically,

atc ~ 285 1
~ o Ax €y

Since dTC/dx = the marginal cost (MC,,) of x, we can also write (1) as
ATC ~ MC,Ax
If initially x = 100,y = 60, and Ax = 3, then
ATC ~ [2(100) — 0.5(60)] = 510

Example 2. Assume in Section 6.2 that b = 0.7,a = 0.1, and Y = 1200.
The differential can then be used to calculate the effect of an increase in
any of the independent variables. Given the partial derivative

oY £ 1

3G, 1—-b—a

the partial differential is
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_ 1
=Ty

In a linear model such as this, where the slope is everywhere constant,
oy i AY
G, AG,

Hence

_ 1
AY = —A
1—-b—a Go

If the government increases expenditures by $100,

_ 1

12.7 OPTIMIZATION OF MULTIVARIABLE
FUNCTIONS IN ECONOMICS

Food processors frequently sell different grades of the same product:
quality, standard, economy; some, too, sell part of their output under their
own brand name and part under the brand name of a large chain store.
Clothing manufacturers and designers frequently have a top brand and
cheaper imitations for discount department stores. Maximizing profits or
minimizing costs under these conditions involve
functions of more than one variable. Thus, the basic rules for optimization

of multivariate functions are required.
Example 1. A firm producing two goods x and y has the profit function
T = 64x — 2x% + 4xy — 4y%2 + 32y — 14

To find the profit-maximizing level of output for each of the two goods
and test to be sure profits are maximized:
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1. Take the first-order partial derivatives, set them equal to zero, and
solve for x and y simultaneously.

My =64—4x+4y =0 (D)
Ty, =4x -8y +32=0 (2)

When solved simultaneously, x = 40 and y = 24.
2. Take the second-order direct partial derivatives and make sure both are
negative, as is required for a relative maximum. From (1) and (2),

Tyx = —4 Ty, = —8

3. Take the cross partials to make sure m,, 1, > (nxy)z. From (6.6)
and (6.7), myy, = 4 = m,. Thus,

TxxTyy > (”xy)z

(=8 (=8) > (4)?
32> 16

Profits are indeed maximized at x = 40 and y = 24. At that point, T =
1650.

Example 2. In monopolistic competition producers must determine the
price that will maximize their profit. Assume that a producer offers two
different brands of a product, for which the demand functions are

Q, =14 —0.25P, (1)
Q, = 24— 0.5P, )

and the joint cost function is
TC = Q12 +50:0; + Q% 3)

The profit-maximizing level of output, the price that should be charged for
each brand, and the profits are determined as follows:

First, establish the profit function & in terms of Q; and Q,. Since & = total
revenue (TR) minus total cost (TC) and the total revenue for the firm is
P,Q, + P,Q,, the firm's profit is

T =P1Q, + P,Q; = TC
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Substituting from (6.10),

T = P01+ P,Q; — (QF + 50,0, + Q5) (4)

Next find the inverse functions of (1) and (2) by solving for P in terms of
Q. Thus, from (1),

P, =56 — 40, (5)
P, = 48 — 20, (6)

and from (3),
Substituting in (4),

m= (56 —4Q1)Q; + (48 — 2Q2)Q; — Q7 — 50,0, — Q7
= 560, — 507 +48Q, —30Q3 —5Q1Q, (7)
Then maximize (7) by the familiar rules:
m, =56 —100; —5Q, = 07, = 48 —6Q, —5Q; = 0
which, when solved simultaneously, give Q; = 2.75 and Q, = 5.7.
Take the second derivatives to be sure r is maximized:
Ty, =—10m,, = —6m, = =5 =my,

With both second direct partials negative and m;,m,, > (1;,)?, the
function is maximized at the critical values.

Finally, substitute Q, = 2.75 and Q, = 5.7 in (6.12) and (6.13),
respectively, to find the profit-maximizing price.

P, = 56 — 4(2.75) = 45 P, = 48 — 2(5.7) = 36.6

Prices should be set at $45 for brand 1 and $36.60 for brand 2, leading to
sales of 2.75 of brand 1 and 5.7 of brand 2. From (4) or (7), the maximum
profit is

T = 45(2.75) + 36.6(5.7) — (2.75)% — 5(2.75)(5.7) — (5.7)% = 213.9
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Check Your Progress

1. For the production function Q = 10K*0.5L"0.5, find the marginal
products 0Q/0K and 6Q/dL.

2. If C(x, y) = 100 + 4x2 + 2y? + xy, find the marginal cost with respect to
xandy at (2, 3).

3. For n(x, y) = 40x + 30y — x* — y?, find the stationary point by setting the
first-order partial derivatives equal to zero.

12.8 CONSTRAINED OPTIMIZATION OF
MULTIVARIABLE FUNCTIONS IN
ECONOMICS

Solutions to economic problems frequently have to be found under
constraints (e.g., maximizing utility subject to a budget constraint or
minimizing costs subject to some such minimal requirement of output as a
production quota). Use of the Lagrangian function (see Unit 10-11) greatly

facilitates this task.
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Example 1. Find the critical values for minimizing the costs of a firm
producing two goods x and y when the total cost function is ¢ = 8x? —
xy + 12y? and the firm is bound by contract to produce a minimum
combination of goods totaling 42 , that is, subject to the constraint x + y =
42.

Set the constraint equal to zero, multiply it by 4, and form the Lagrangian

function,
C=8x2—xy+12y> +2(42 —x —y)
Take the first-order partials,
C,=16x—y—A=0
Cy=—x+24y—-1=0

C;=42—-x—-y=0

Solving simultaneously, ¥ = 25,% = 17, and 1 = 383. With 1 = 383, a1
-unit increase in the constraint or production quota will lead to an increase

in cost of approximately $383.

12.9 HOMOGENEOUS PRODUCTION
FUNCTIONS

A production function is said to be homogeneous if when each input factor
is multiplied by a positive real constant k, the constant can be completely
factored out. If the exponent of the factor is 1, the function is homogeneous
of degree 1 ; if the exponent of the factor is greater than 1 , the function is
homogeneous of degree greater than 1 ; and if the exponent of the factor is
less than 1 , the function is homogeneous of degree less than 1 .
Mathematically, a function z = f(x, y) is homogeneous of degree n if for

all positive real values of k, f (kx, ky) = k™ f(x,y).
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Example. The degree of homogeneity of a function is illustrated below.

1. z = 8x + 9y is homogeneous of degree 1 because
f(kx,ky) = 8kx + 9ky = k(8x + 9y)

2. z =x%+ xy + y? is homogeneous of degree 2 because
fUex, ky) = (kx)? + (kx)(ky) + (ky)? = k*(x* + xy + y?)

3. z = x%3y%* is homogeneous of degree less than 1 because
Flkx, ky) = (kx)03(ky)04 = k0-3+04(x03)04) = 0.7(5,0.37,04)

4. z = 2x/y is homogeneous of degree 0 because
x k _2kx_1<2x> . k—ko—l
fkx, ky) = Ky since = k" =

5. z=x3+ 2xy + y3 is not homogeneous because k cannot be
completely factored out:

fUex, ky) = (kx)® + 2(kx) (ky) + (ky)®
= k3x3 + 2k?xy + k3y3 = k% (kx® + 2xy + ky?3)

6. Q = AK*L# is homogeneous of degree a + f because
Q(kK, kL) = A(kK)*(kL)? = Ak“K*kPLF = k**F(AK*LF)

12.10 SUMMARY

In this unit, we have learned about

» Marginal Productivity: Measures the additional output resulting
from a small increase in one input while holding others constant.

» Income Determination and Multipliers: Analyzes how changes in
economic inputs influence national income through multipliers and
comparative statics.

» Elasticities of Demand:

Income Elasticity: Measures the responsiveness of demand to

changes in income.
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Cross-Price Elasticity: Evaluates how the demand for one good
responds to changes in the price of another.

> Differentials and Incremental Changes: Small changes in inputs
lead to proportional changes in outputs, approximated by
differentials.

» Optimization of Multivariable Functions: Identifies maxima and
minima of functions with several variables to maximize profit or
minimize cost.

» Constrained Optimization: Applies Lagrange multipliers to
optimize economic functions subject to constraints, such as budget
limits.

» Homogeneous Production Functions: Functions that exhibit
constant returns to scale, allowing for proportional changes in output

when all inputs change by the same factor.

12.11 GLOSSARY

Production Function: A function relating output to quantities of inputs.

Marginal Product: The additional output from an additional unit of an
input.

Partial Elasticity: Responsiveness of an economic variable to a change in
one variable, holding others constant.

Marginal Utility: The additional utility obtained from one more unit of a
commodity.

Constrained Optimization: Optimization subject to specified restrictions.

Lagrange Multiplier: A method for solving constrained optimization
problems.

Isoquant: A curve showing input combinations producing the same
output.

Optimal Point: A point at which an objective function attains a desired
maximum or minimum.
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12.12 EXERCISES

1 Calculate marginal productivity for the following production
functions:
a) Q(L, K) = 41°5K°5
b) Q(L,K) = 2L? + 3K?

2 Apply comparative statics to analyze the effects of changes in
income on the following functions:
a)Y =C+ 1+ G where C =100+ 0.8Y

b) Q = 500 — 2P + 0.5, find Z—f

3 Compute the income and cross-price elasticities for the demand
functions:
a) Qg = 300 — 2P + 0.6]
b) @, = 200 — 3P, + 2B,

4 Use differentials to estimate changes in output for:
a) Q(L,K) = L*°K%> at L = 100,K = 25 with dL = 1,dK = 0.5.
b) Q(L,K) =L?> + K?at L = 50,K = 20 with dL = 2,dK = 1.

5 Optimize multivariable functions to find maximum output:
a) Q(L,K) = 2L°°K°®
b) P(x,y) = x2 + y? — 4x — 6y

6 Perform constrained optimization using Lagrange multipliers for:
a) Maximize Q(L, K) = L%°K°5 subject to 2L + K = 100.
b) Maximize P(x,y) = x? + 3y? subjectto x + y = 10.

12.13 SUGGESTED READINGS

1. Monga, G. S. Mathematics and Statistics for Economists, Vikas
Publishing House, New Delhi, 2023.
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Age International, 2023.

. Sastry S. S.; Introductory Methods of Numerical Analysis, PHI
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BLOCK-IV INTEGRATION

UNIT 13 INTEGRATION AND BASIC
FORMULAE
STRUCTURE
13.1. Introduction
13.2. Obijectives
13.3. Integration: Indefinite Integral
13.4. Summary
13.5. Glossary
13.6. Exercises
13.7. Suggested Readings

13.1 INTRODUCTION

Integration and differentiation are two fundamental operations in calculus.

They are inverse operations of each other in a certain sense.

Differentiation is the process of finding the derivative of a function, which

measures how the function's output changes with respect to its input. The

derivative of a function f(x) is denoted by f'(x) or %, where y is the

dependent variable and x is the independent variable.

Integration, on the other hand, is the process of finding the antiderivative of

a function. The antiderivative F(x) of a function f(x) is a function whose

derivative is equal to f(x). This process is also known as finding the

indefinite integral of a function. The symbol [ represents the process of

integration, and F(x) = | f(x) dx denotes the antiderivative of f(x).

13.2 OBJECTIVES

After completing this unit, students will be able to
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» Understand the concept of integration
> Rember basic integration formulae

» Apply integration formulae to solve numerical problems

13.3 INEGRATION: INDEFINITE INTEGRAL

If the function f(x) be the derivative of the function g(x) w.r.t. x on a
certain interval of the x-axis, then we say that an integral of f(x) w.r.t. x is

g(x) and write it symbolically as

Jf(x)dx = g(x).

The variable x is called the variable of integration. It is customary to use
the differential 'dx’ of the variable ‘x" in the process of integration. The
differential 'dx’ indicate that the integration is to be carried w.r.t.x. The
symbol [ denote the process of integration. The function whose integral is
to be found out is called the integrand. If the integral of f(x) w.r.t. x is

g(x), then we also say that g(x) is an antiderivative of f(x).

4
Examples (i) x3 is the derivative of the function x: wW.r.t. X.

4
Therefore, x: is an integral of x3 w.rt. x i.e,

4

x

3d o —
fx x =

(ii) Since E(Sm x) = cosx = [cosxdx = sinx, i.e. sinx is an integral

of cos x.

. d . ¢
Slncea(sm x) = cos x, we have [ cos xdx = sin x.
. . d :
Moreover, if C is any constant then -3 (sin x + C) = cos x.

So, in general, fcos xdx = (sin x + C).
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Clearly, different values of C will give different integrals.
Thus, a given function may have an indefinite number of integrals.

Because of this property, we call these integrals indefinite integrals.

Thus, C;l—x[g(x)] = f(x) = [ f(x)dx = g(x) + C, where C is a constant,
called the constant of integration. Any function to be integrated is known as

an integrand.

It is very important to note that the integral of a function may or may not
exist. In other words, it may not be possible to find a function whose

derivative is equal to the given function.

On the basis of differentiation and the definition of integration, we have the

following results.
d — —
1 E(C)—0:>f0dx—C.
2 :—x(x)=1=>f1dx=x+C.
d
3 a(kx)=k=>fkdx=kx+€.

xn+1

(n+1)

d (xn+1

— )=x”,n¢—1=>fx”dx=
dx \n+1

+C.
d
5 E(loglxl) =%:>f%dx = log|x| + C.

6 :—x(ex)zexéfexdxzex+C.

d ax X

7 —(loga)=ax=>faxdx= A

C.
dx loga +

d , . .
8 a(smx)=cosx=>fcos xdx =sin x + C

d . "
9 E(—cos x) = sin x = [ sin xdx = —cos x + C

Mathematical Methods for Economics 221



d

10 —(tan x) =sec’ x = [ sec? xdx =tan x + C
d 2 2 =

11 E(—cot x) = cosec?® x = [ cosec? xdx = —cot x + C
d

12 a(sec x) = sec xtan x = [ sec xtan xdx = sec x + C

d
13 a(—cosec x) = cosec xcot x = [ cosec xcot xdx =

—cosec x + C

i - _ 1 1 4
14 —(sin™" x) = = = —dx=sin"! x+C

_ 1 - f 1
T (1+x2) (1+x2)

15 ;—x(tan_1 x) dx =tan™! x+ C

a -1,y —_1 1 |
16 dx(sec x)—x\/m:)fxmdx—sec x+C

Some Standard Results on Integration

L L[ fG)dx} = f(0).

2. [k-f(x)dx =k- [ f(x)dx, where k is a constant.
J .00 + f,00}dx = [ fi(x)dx + [ fo(x)dx.

3. J{AM) — ()}dx = [ fi(x)dx — [ f(x)dx.

4. [ {ky - fi(x) kg fo(x) Lt hy- fr()}dx =kq -
[ fi)dx +ky- [ fo(x)dx+ -1k, [ fu(x)dx.

) 3 _ £+ 3 i
Example 1: [ x3dx = G tC=71C
(3+1)
Example 2: [ Yxdx = [ x'/3dx = JE;“) +C= %x“‘/3 +C.
3
(0+1)
Example 3: [dx = [ x%dx = JEO+1) +C=x+C.
x(=3+1)

Example4:fxi3dx=fx‘3dx: +C = —$+C.

(=3+1)
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~—

(3

)

Example 5: [ xl%dx =[x~ Y2dx = +C =242+ (.

: b _SE
Example 6: [ 5%dx = oes T C

} 3 55 1.5
Example 7: [ (Sx + 2x 7x+\/§+x) dx
1
=5.f x3dx+2f x‘5dx—7f xdx+f x_l/zdx+5f ;dx
. x4+2 —4 X2 12
(1/2)

4 (—=4)
5x* 1 7x?
R P + 2v/x + 5log |x| + C.

—7-7+ + 5log |x| + C

Example 8:
f (1-x)2+3x)(5—4x)dx = f (10 — 3x — 19x2 + 12x3)dx

=10f dx—3f xdx—19f xzdx+12[ x3dx

2 x3 x4-

X
—10X—37—19?+1ZT+C
3x2  19x3 )

:10X—T— 3 + 3x* + C.

3x*—5x344x2%-x42
3

Exampleg:f( )dx=f(3x—5+§—xiz+x2—3)dx

[dividing each term by x3 ]

1
=3.f xdx—5f dx+4f ;dx—f x‘zdx+2f x 3dx

P /9 ( 1)+2 $0) ¢
= > X og |x| . X3

3x? Tl
:T—5X+410g |x|+;—x—2+C.

Example 10: [ (ﬁ) dx = [ [xz — Tt ﬁ] dx

x2+1
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1
=f xzdx—f dx+2f > dx
x+1

3

x
=?—x+2tan_1 x+ C.

Example 11: [ tan’xdx = [ (sec? x —1)dx = [ sec? xdx —

[ dx=tan x —x+ C.

Example 12: [ cot?xdx = [ (cosec? x — 1)dx = [ cosec? xdx —

[ dx = —cot x—x + C.

Example 13: Evaluate [ /1 — sin 2xdx.

Solution:

f V1 —sin 2xdx = f (cos? x + sin? x — 2sin xcos x)Y?dx

— j \(cos x — sin x)2dx

= f (cos x — sin x)dx = f cos xdx —f sin xdx

= sin x — (—cos x) + C = sin x + cos x + C.

Examplel4: Evaluate | —=
1+sin x
Solution:
f dx _ f 1 = (1 — sin x)
(1+sinx) J (A+sinx) (1-sinx)
(1 —sin x) (1 —sin x)
= ———dx=| ——dx
(1 —sin? x) cos? x

1 :
= f ( Y )dx = J (sec? x — sec xtan x)dx

cos? x cos? x

=f sec? xdx—f sec xtan xdx = tan x —sec x + C.
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Check Your Progress

1. Evaluate: [(3x% + 4x — 5) dx.

3. If MC(q) = 4qg + 10 and C(0) = 50, find the total cost function C(q) by

integration.

Example 15: Evaluate [ ———=

= g 8§ OLX%
(sec x+tan x)

Solution:

J sec x J sec x (sec x —tan x) p
X =
(sec x + tan x) (sec x +tan x) (sec x —tan x)
(sec? x — sec xtan x)

= X
(sec? x — tan? x)
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Example 16: Evaluate [ (

= .f (sec? x —sec xtan x)dx

=.f sec? xdx—f sec xtan xdx =tan x —sec x + C.

1—cos Zx)
1+cos 2x

Solution:

J

1 —cos 2x 2sin? x
—) Wy — f dx = f tan? xdx
1+ cos 2x

2cos? x

=f (sec? x — 1)dx =f sec? xdx—f dx

=tan x —x + C.

Example 17: Evaluate [ sin™* (cos x)dx.

Solution: [ sin~* (cos x)dx = [ sin™! {sin (%—x)} dx

2

—j (E—x)dx—z-j dx—f xdx—n—x—x—+C
) \2 2 =2 .42 7

13.4 SUMMARY

In this unit, we focused on the concept and techniques of indefinite

integration, which involves finding the antiderivative of a function.

Indefinite integrals represent a family of functions and include an arbitrary

constant of integration.

Key points covered include:

>

Definition of Indefinite Integrals — Understanding integration as

the reverse process of differentiation.

Basic Formulae — Applying standard rules for integrating power

functions, exponential functions, and trigonometric functions.
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> Constant of Integration (C) — Recognizing the role of the

integration constant in representing an entire family of solutions.

> Properties and Linearity — Exploring the linearity of integration
and how to handle the sum, difference, and constant multiples of

functions.

Mastering indefinite integrals is essential for understanding more advanced
topics in calculus and applying integration techniques to solve diverse

mathematical and real-world problems.

13.5 GLOSSARY

Integration: The process of finding an antiderivative or accumulated
quantity.

Antiderivative: A function whose derivative is the given function.

Indefinite Integral: A family of antiderivatives containing an arbitrary
constant.

Definite Integral: An integral evaluated between specified limits.

Constant of Integration: An arbitrary constant added to an indefinite
integral.

Integrand: The function being integrated.
Integral Sign: The symbol | used to denote integration.

Fundamental Theorem of Calculus: A theorem connecting
differentiation and definite integration.

13.6 EXERCISES

5. Integrate 3x + 4x2.

6. Integrate secx tanx — 5 cosec?x.

2cosx

7. Integrate ke

3sinZx

8. Integrate < +2 4 c.
X X
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4x+6
X

9. Evaluate [ dx.

10. Evaluate [ (e* + 2 sinx — 3 cos x) dx.
x2 x3

11. Integrate 1 + x + S

12. Integrate 10* + 3e* + x3.

13.7 SUGGESTED READINGS

1. T. M. Apostol, Calculus Vol I, Wiley & Sons (Asia) Pvt. Ltd,
1991.
2. Shanti Narayan, Integral Calculus, S. Chand, New Delhi, 2010.
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UNIT 14 METHOD OF INTEGRATION BY
SUBSTITUTION

STRUCTURE
14.1. Introduction
14.2. Obijectives
14.3. Method of integration by substitution
14.4. Summary
14.5. Glossary
14.6. Exercises
14.7. Suggested Readings

14.1 INTRODUCTION

In the realm of calculus, integration serves as a powerful tool for finding
areas under curves, determining volumes of irregular shapes, and solving
various real-world problems. Among the arsenal of integration techniques,
the method of integration by substitution stands out as a versatile and
fundamental approach. This unit serves as an entry point into understanding

the principles and applications of integration by substitution.

14.2 OBJECTIVES

After completing this unit, students will be able to

» Understand the concept of substitution and its role in integration.

» Learn how to identify appropriate substitutions for different types of
integrals.

» Master the technique of integration by substitution through step-by-
step examples.

> Apply integration by substitution to solve a variety of integrals
involving trigonometric, exponential, and other functions.
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> Explore advanced applications of integration by substitution in
calculus and beyond.

14.3 METHOD OF INTEGRATION BY
SUBSTITUTION

If we have to evaluate an integral of the type [ f{¢(x)} - ¢'(x)dx then
we put ¢ (x) = t and ¢’ (x)dx = dt. With this substitution, the integrand

becomes easily integrable.

Substitution Method I: When the integrand is of the form f(ax + b), we

put (ax + b) = t and dx = ~dt.

Substitution Method 11: When the integrand is of the form x™~1 - f(x™),

we put x™ = t and nx" " 1dx = dt.

Substitution Method I11: When the integrand is of the form {f (x)}" -
f'(x), weput f(x) =tand f'(x)dx = dt.

Substitution Method IV: When the integrand is of the form % we put
f(x) =tand f'(x)dx = dt.

) n _ (ax+b)™t? _
Example 1: [ (ax + b)"dx = e T G wheren = —1.

Solution: Putting ax + b = t, we get adx = dt or dx = édt.

+ C.

: j (ax + b)"dx = lf thdt = o A, A% — (ax +b)™*!
) a a D) PTCEEY)

Example 2: [ cos (ax + b)dx = %sin (ax+b)+C

Solution: Put (ax + b) = t so that dx = ~dt.
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1
g f cos (ax + b)dx =Ef cos tdt
1
=—sin t+C
a
1
=Esin(ax+b)+C.

Example 3: [ cosec? (ax + b)dx = —%cot (ax+b)+C

Solution: Put (ax + b) = t so that dx = —dt.

1
f cosec? (ax + b)dx = E_]- cosec? tdt

1 1
= —acot t+C = —Ecot(ax+b) + C.

Example 4: Evaluate: [ (3x + 5)7dx

Solution: Put (3x + 5) = t so that 3dx = dt or dx = %dt.

] 3x +5)7d —1f dt = 2 t8+C—(3x+5)8+C
v GrAS)de=g 38T T

Example 5: Evaluate [ (4 — 9x)°dx.
Solution: Put (4 — 9x) = t so that —9dx = dt or dx = —%dt.

a0 —(4 —9x)°
—( =97

1
. 0\ dy — — - — _
j (4 —9x)>dx 9jtdt 9 6+C o1 C.

Example 6: Evaluate [ ——— dx

1
(2—3x)*

Solution: Put (2 — 3x) = t so that —3dx = dt or dx = —%dt.
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1 1 1 1 1

f mdx=—§f t—4dt=—§'(_3—t3)+c
1

=9z =307

C.
Example 7: Evaluate [ vax + bdx
Solution: Put (ax + b) = t so that adx = dt.

_ 2(ax + b)3/?

+C.
3a

1 2
f \/ax+bdt=5f ﬁdt=£t3/2+6

Example 8: Evaluate [ cos 2xdx.

Solution: Put 2x = t so that 2dx = dt or dx = %dt.

1 1 1
f cos 2xdx =§f cos tdt =Esin t+C =§sin 2x + C.

Example 9: Evaluate [ e5**3)dx

Solution: Put (5x + 3) = t so that 5dx = dt or dx = idt.

f e(GxX+3) gy = %f etdt = % et +C = %6(5’”3) +C.

Example 10: Evaluate [ sec? (3x + 5)dx

Solution: Put (3x + 5) = t so that 3dx = dt or dx = §dt.

1 1
j sec? (3x +5)dx = §j sec? tdt = Ftan ¢+ C

1
=§tan (3x+5) +C.
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Example 11: Evaluate [ sin® xdx

Solution: We know that sin 3x = 3sin x — 4sin3 x.
: =y .
SSin x = Z(3sm x — sin 3x).

. 3 (3 1
So, [ sin xdx—f(45mx 2 Sin 3x)dx
Y PRV e
=7 | sinxdx -] sin 3xdx

1 (—cos 3x)
:Z(_COS X)— = =+

4 3
- 3 . cos 3x
= 4cos X 12

Example 12; Evaluate [ 10%dx

Solution: Putlog x = t so thatidx = dt.

f lngd —f tdt—1t2+C—11 24+cC
- . x = =3 —z(ogx) .

2
Example 13: Evaluate [ Sec(xﬂdx

Solution: Putlog x =t so thatidx = dt.

sec? (log x) .
] de = j sec” tdt =tan t + C = tan (log x) + C.

-1
e

tan
(1+x2)

Example 14: Evaluate [

Solution: Put tan™! x = t s0 that —— dx = dt.
(1+4x2)
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1

etan_lx _
f —(1+x2)dx=f eldt=e'+C=e"" ¥+ (.

sin V/x

&dx

Example 15: Evaluate [

Solution: Put vVx = t so that%x‘l/zdx =dtor %dx = 2dt.

f sin Vx

dx = Zf sin tdt
Vx

= 2(—cos t)+ C = —2cos t + C = —2cos Vx + C.
Example 16: Evaluate [ cos® x sin x dx

Solution: Put cos x = t so that sin xdx = —dt.

_ t* 1
j cos® xsin xdx=—j t3dt=—Z+C=—Zcos4x+C.

Example 17: Evaluate [ (v/sin x)cos x dx

(i) Put sin x = t so that cos xdx = dt.

2 2
f (V/sin x)cos xdx = f Vtdt = §t3/2 +C = §(sin x)3/2 + C.

cosec? x
(1+cot x)

Example 18: Evaluate [

Solution: Put (1 + cot x) = t so that —cosec? xdx = dt.

. cosec? x Yal J‘ 1dt
") (1 +cotx) ¥ al t
= —log t + C = —log |(1 + cot x)| + C.

sin x
(3+4cos x)2

Example 19: Evaluate [
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Solution: Put (3 + 4cos x) = t so that —4sin xdx = dt.

LELSE 1f dt=— €=t
(3 + 4cos x)? YT 2 Ty ~ 4(3 + 4cos x)

dx

Example 20: Evaluate f +1)2

Solution: Put (2x + 1) = ¢ so that 2x = (¢ — 1) and dx = S dt.

. 2x 10 ¢-D

f —dt f dt—ll t+1+C
zogll %

= Elog |(2x + 1)' +m+

Example 21: Evaluate [ gfzg dx

Solution: Put (3 —2x) =t sothatx = (%) and dx = —%dt.

(2+3x) j[2+ ] i = 1f (13—3t)dt
(3—2x) 4 t
B d t+- jdt— L3 g It +2t+C
13 3
=——1Ilog |(3—2x)|+-(3 —2x) + C.
4 4
. 3x?
Example 22: Evaluate [ G X

Solution: Put x3 = t so that 3x2%dx = dt.

) 3x? dt i -1 .,.3
j mdx:] m=tan t+C=tan"" x>+ C.
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3
Example 23: Evaluate | ——dx

Solution: Put (x2 + 1) = t so that x2 = (t — 1) and xdx = %dt.

f x3 ; _J‘ x?-x 4
) v T 3™

_1f (t_l)dt—lfldt 1f1dt
2 3 T 2) t2 2) t3
-1

t
1 -1 1
TR TR ST R PR
—(1 + 2x?)
EYenE
Example 24: ﬁdx

Solution: Put (1 — x3) = t sothat x3 = (1 — t) and x%dx = —idt.

: x8 . x8 - x? g
h f (1- x3)1/3 X = f (L= x3)1/3 X
1[0 (1-10)? 1 (1+t2-2t)

=73) Tas U=73 (173

1 1 2
- __ —1/3 __ 5/3 _ 2/3
3]t dt 3Jt dt+3ft dt

= —%t2/3 —%t8/3 +§t5/3 +C
1 1
— _5(1 _ x3)2/3 i g(1 _ x3)8/3

2
+=(1- x3)5/3 4+ C.

Example 25: Evaluate [ %.

Solution: Put x3 = t so that 3x%dx = dt or x?*dx = édt.

dx

J‘ dx _f x?
B x-Vx6—1 x3-Vx6 —1
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[multiplying numerator and denominator by x? ]

1 1
=—seclt4+(C= §sec_1 x3+C.

1J‘ 1
=— | f——adt
3) tvtz -1 3

Example 26: Evaluate [ ﬁd"

1
(Vx+x)

1

dx = | TRLVR)

Solution: [ dx

Now,put(1+\/§)=tsothat%dx=2dt.
[ &= -] marm
RS —dax = —_———ax
(Vx + x) V(1 + Vx)
1
=zf Zdt = 2log |t + € = 2log |(1 + V)| +C.

(x-1)

Vx+4

Example 27: Evaluate [ dx

Solution: Put (x + 4) = t2 so that x = (t? — 4) and dx = 2tdt.

[ (x=1) B (t? - 5)t
.-.f\/mdx —Zf — dt

X 2t3
=2Jtdt—10 dt=?—10t+C

2
=g+ 4)3/2 —10(x + HV? + C.

Example 28: Evaluate [ xvx + 2dx

Solution: Put (x + 2) = t? so that x = (t? — 2) and dx = 2tdt.

j xVx + 2dx =J (t2—2)2t2dt=Zf t4dt—4f t2dt
2t 4 C2(x+2)%% 4(x+2)%?

AT 5 3

+ C.
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Example 29: Evaluate [ (4x + 2)Vx2 + x + 1dx

Solution: Put (x? + x + 1) = t so that (2x + 1)dx = dt.

f(4x+2)(m _zf Vtdt

4 4
=§t3/2+C=§(x2+x+1)3/2+C.

(4x+3)

Example 30: Evaluate | e dx

Solution: Put (2x2 + 3x + 1) = t so that (4x + 3)dx = dt.

4x + 3 dt
( ) dx=j—=2\/?+C=2\/2x2+3x+1+6.

V2x2 +3x+1 Vt
) (2x+5)
Example 31: Evaluate [ 2r5219)

Solution: Put (x% + 5x + 9) = t so that (2x + 5)dx = dt.

(2x +5)

1
| Zdt=1og |t| +C
NI ft og |t| +

=log |(x? + 5x +9)| + C.

(6x-7)

Example 32:  Evaluate [ ———~

Solution: Put (3x? — 7x + 5) = ¢ so that (6x — 7)dx = dt.

ox—7) By —J dt = 1+c— LS
(3x2 — 7x + 5)2 o2y (B3x2 —7x +5) ’

Example 33: Evaluate [ £&2*=sin )

(cos x+sin x)

Solution: Put (cos x + sin x) = t so that (cos x — sin x)dx = dt.
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dx
(cos x + sin x)

(cos x — sin x) _ f 14
t
= log |t| + C = log |(cos x + sin x)| + C.
Check Your Progress

1. Evaluate: [ 2x(x? + 1)° dx using substitution.

Example 34: Evaluate [ —

log (sec x+tan x)

Solution: Put log (sec x + tan x) = t.

Then, on differentiation, we get
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1

(sec x + tan x)
or sec xdx = dt

- (sec xtan x + sec? x)dx = dt

sec x
dx=f —dt
log (sec x + tan x) t
= log |t| + C = log |log (sec x + tan x)| + C.

sin 2x

Example 35: Evaluate [ —— dx.

(a?sin? x+b2cos? x)

Solution: Put (a®sin? x + b?cos? x) =t so that

dt

2(a? — b?)sin xcos xdx = dt © sin 2xdx = ( @ =

j‘ sin 2x J‘
(a?sin? x + b%cos? x) (a? - bz)t

= mlog |t| +C

1
- mlog (a?sin? x + b?cos? x) + C.

14.4 SUMMARY

So, in this first unit we have learned about the

>

>

the concept of substitution and its role in integration.

how to identify appropriate substitutions for different types of

integrals.

the technique of integration by substitution through step-by-step

examples.

integration by substitution to solve a variety of integrals involving

trigonometric, exponential, and other functions.
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» advanced applications of integration by substitution in calculus and

beyond.

14.5 GLOSSARY

Substitution: Replacing part of an integrand with a new variable.

Change of Variable: The transformation from the original variable to a
new variable.

Integrand: The expression to be integrated.

Substitution Variable: The new variable introduced to simplify an
integral.

Differential: An expression such as du representing an infinitesimal
change.

Composite Function: A function formed by applying one function to
another.

Reverse Chain Rule: A method of integration based on the chain rule of
differentiation.

Simplification: The process of making an integral easier to evaluate.

14.6 EXERCISES

1. Evaluatefc L dx

2+b2x2 -
2. Evaluate [ e* cose* dx.

3. Evaluate [ sin? x cosx dx.

4x3
dx.
1+x8

4. Evaluate [

cos™1x bt
V(1-x2) |
6. Evaluate [ 20°* dx.

5. Evaluate — [

cosec x?
1+cotx
1
8. Evaluate [—————dx.

(1+x2)tan—1x

7. Evaluate [

Mathematical Methods for Economics 241



eX—e™*

9. Evaluate [ dx

eX+e—X
sinx cosx

10. Evaluate [ —

0s2 x+b sin? x

14.7 SUGGESTED READINGS

1. T. M. Apostol, Calculus Vol I, Wiley & Sons (Asia) Pvt. Ltd,
1991.
2. Shanti Narayan, Integral Calculus, S. Chand, New Delhi, 2010.
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UNIT 15 METHOD OF INTEGRATION BY
PARTS

STRUCTURE
15.1. Introduction
15.2. Obijectives
15.3. Method of integration by parts
15.4. Summary
15.5. Glossary
15.6. Exercises
15.7. Suggested Readings

15.1 INTRODUCTION

In the broad field of calculus, integration by parts is an essential technique
for tackling integrals that cannot be easily solved using other methods. This
unit provides an introduction to the integration by parts method, offering

learners a thorough understanding of its principles, uses, and limitations.

Integration by parts is a valuable tool for breaking down complex integrals,
allowing mathematicians, scientists, and engineers to solve a wide range of
problems in various fields. By the end of this unit, learners will have a
strong command of integration by parts, empowering them to approach

challenging integrals with confidence and expertise.

15.2 OBJECTIVES

After completing this unit, students will be able to

» Understand the concept of integration by parts and its significance

in calculus.
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> Learn the derivation of the integration by parts formula and its

intuitive interpretation.

» Master the technique of integration by parts through guided

examples and practice problems.

> Explore strategies for choosing appropriate functions to apply

integration by parts effectively.

> Apply integration by parts to solve a variety of integrals, including
those involving logarithmic, exponential, algebraic, and

trigonometric functions.

15.3 METHOD OF INTEGRATION BY PARTS

Letu = f(x) and w = g(x) be tivo differentiable functions of x.

d dw du aw d du
o a(uw) = UE-l‘uEOqu—a(uw) —(l)a

. f(ua) dx = [ <%(ute)> dx — | (uZ—Z) dx (1)

~ (D)= Juvdx = [ (;—x (uf vdx)> dx — | (Z—vadx) dx

o Juvdx = uf vdx — | (Z—vadx) dx.

In words: Integral of the product of two functions

= 1 st function X Integral of 2 nd-Integral of [Diff, coeff. of 1st x Integral
of 2nd].
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From the above formula, it is clear that the success of the method of
integration by parts depends on the choice of first function. For the choice

of first function, the following rules are used:

Rule (i) If the integrand contains both functions integrable, take that
function as the first which can be finished by repeated differentiation and

the other as the second.

For example, in [ x?sin xdx or in [ x?e*dx, take x? as the first function

and the other as the second.

Rule (i) If the integrand contains one un integrable, eg., inverse circular
function or a logarithmic function, take integrable as the first function and
other as second. For example, in [ x2log xdx, [ xsin~! xdx, tako

log x,sin™1 x the first function and other as the second respectively.

Rule (iii) If the integrand contains only one integrable function, then take
the given function as the first function and unity as the second. For example,
in [ tan™! xdx
C. log (x? + a?)dx, take tan™! x,log (x% + a?) as the first function and

unity as the second function respectively.

Rule (iv) If the integrand contains both the functions integrable and none
can be finished by repeated differentiation, then take any one as the first

function and other as the second one. Repeat the rule of integration by parts.

Remark 1. If the integrand is the product of two functions of different type
then their order is determined by the word ILATE where the letters I, L, A, T
and E stands respectively for inverse circular function, logarithmic function,
algobraic function, trigonometric function and exponeatial function. In the
integrand, that function is taken as the first function which comes first in
the word ILATE.
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Remark 2. Sometimes, the formula of integration by parts is required to be
applied more than once in evaluating the same integral. For example, in
evaluating | x%e*dx, the formula for integration by parts would bo used

twice.

Integration by Parts

Theorem: If u and v are two functions of x then

f (uv)dx=[u- f udx]— f {Z—Z- f vdx}dx.

Proof: For any two functions f; (x) and £, (x), we have

LA @)= AE -G+ AE) - fi ')
s [ @R @ A® @ = A0SO
o[ A f@dx+ [ £ A @ = A£G
o[ AR @A =A@ L@ - | LA @

Let f,(x) =uand f, '(x) = vsothat f,(x) = [ vdx.

f (uv)dxzu-f vdx—f {Z—Zf vdx}dx.

We can express this result as given below:
Integral of product of two functions

= (1 st function ) X ( integral of 2 nd )
- f {( derivative of 1 st ) X (integral of 2 nd )}dx.

REMARKS (i) If the integrand is of the form f(x)x™, we consider x™ as

the first function and f(x) as the second function.

Mathematical Methods for Economics 246



(if) If the integrand contains a logarithmic or an inverse trigonometric
function, we take it as the first function. In all such cases, if the second

function is not given, we take itas 1 .
Example 1: Evaluate [ x sec?x dx
Solution: Integrating by parts, taking x as the first function, we get

d
f xsec? xdx =x-f sec? xdx—f {a (x)-f sec? xdx} dx

=xtanx—f 1-tan xdx = xtan x + log |cos x| + C

Example 2: Evaluate [ xsin 2xdx

Solution: Integrating by parts, taking x as the first function, we get

d
f xsin 2xdx =x-j sin 2xdx—f {a (x)-f sin Zxdx} dx

_ (—cos 2x> f 1 (—cos 2x>d
=x > > X

_—xc052x+1J 2xd
= > > cos 2xdx
_ —XCos 2x 1 sin 2x

- 2 2 2
_—xc052x+1_ 9%+ C
= 2 4sm X

Example 3: Evaluate [ x™log xdx.

Solution: Integrating by parts, taking log x as the first function, we get
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f x™og x = (log x)-f x"dx—f {;—x(log x)-f x”dx} dx
xn+1 1 xn+1
(n+1)_f x (n+1)
_ x™og x 1 .
TS _(n+1)f * 8%
x"log x x
ST+l @m+DE

dx

= (log x) -

n+1

C.

Example 4: Evaluate [ x%sin xdx

Solution: Integrating by parts, taking x?2 as the first function, we get

d
f x?sin xdx = xzf sin xdx—f [a (xz)-f sin xdx] dx
= x2(—cos x) —f 2x(—cos x)dx

= —x%cos x + Zf xcos xdx

= —x2cos x + 2 [x(sin X) —j {;—x (%) f cos xdx} dx]

= —x%cos x + 2 [xsin xs= f sin xdx]

= —x?%cos x + 2[xsin x + cos x] + C.

Example 5: Evaluate [ xcos? xdx

1+cos 2x
2

gl [ s ante [ o [ cos s
=5t |x cos 2xdx dx(x) cos 2xdx¢dx

[integrating xcos 2x by parts]

Solution: [ xcos? xdx = fx( )dx = %f xdx + %fxcos 2xdx
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B x? N 1 [xsin 2x J‘ sin Zxd ]
— 22 2 2
x? xsin 2x 1 (—cos 2x)
4
4

4 4 2
xsin 2x cos 2x

4 * 8

_I_

N

X

_I_

Check Your Progress
1. Evaluate: [ x e* dx using integration by parts.

3. Evaluate: | x2 e dx using integration by parts, applying the method

more than once if required.
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Example 6: Evaluate [ log xdx
Solution: Integrating by parts, taking log x as the first function and 1 as

the second function, we get

J. log xdx =f (log x - 1)dx
= (log x) f ldx —f {d—i- (log x) f 1dx} dx

1
= (log x)-x—f (;-x)dx=xlogx—f dx
=xlog x —x+C = x(log x — 1) + C.

Example 7: Evaluate [ log (1 + x?)dx.
Solution: Integrating by parts, taking log (1 + x2) as the first function
and 1

as the second function, we get

] log (1+x%)dx = j {log (1 + x?) - 1}dx
=log (1 + x?) - J 1dx —f [ {log (1 + x2)} f 1dx] dx

2 - -
=log (1 +x°) x (1+x2) xdx

_xlog(1+x2)—2J (1+2x)
=xlog(1+x2)—2f (1—1+1 )dx

—xlog(1+x2)—2j dx + 2

J (1+x)
= xlog (1 + x?) — 2x + 2tan™! x + C.
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Example 8: Evaluate | (log x)%dx.
Solution: Integrating by parts, taking (log x)? as the first function and 1

as the second function, we get

.f (log x)2%dx =f {(log x)? - 1}dx
= (log x)? f 1dx —f {;—x(log x)? f 1dx} dx
= x(log x)? —f (Zloxg 2. x) dx
= x(log x)? — Zf (log x - 1dx
x(log x)? — 2 [(log x)f dx —f {% (log x) - f dx} dx]

1
= x(log x)? — 2 [xlog X — f = xdx]

= x(log x)? — 2xlog x + 2x + C.

log x
g2 dx.
X

Example 9: Evaluate [

. . . . . 1
Solution: Integrating by parts, taking log x as the first function and —as

the second function, we get

log x 1
] 2 dx =j (logx)-;dx
1 d 1
= (log x)'f Fdx—f {a(log x)-f Fdx}dx

_q (1) f1<1>d— logx_l_fld
= (logP x x 7o\ B x 2
logx 1 —(log x +1

_PERJL JeSi(os i)

X X X
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Example 10: Evaluate [ e?*sin xdx.

Solution: Integrating by parts, we get

d
J. e?*sin xdx = (ezx f sin xdx) —f {a (e*™) f sin xdx} dx

= e?* . (—cos x) — 2f e?*(—cos x)dx

= —e?*cos x + Zf e**cos xdx

= —e?*cos x + 2 [(er f cos xdx) —f {:—x (e?®) f cos xdx} dx]

[ integrating e?*cos x by parts ]

Sf e?*sin xdx = e**(2sin x — cos x) + C

or f e?*sin xdx = gez"(ZSin x — cos x) + C.

Example 11: Evaluate [ (x_sm x) dx

1—-cos x

Solution: [ (x_sm x) dx = [

1—-cos x

X—f sin x

(1—cos x)

(1—cos x)

_ x 2sin (x/2)cos (x/2)
- f 2sin? (x/2) X f 2sin? (x/2)

= %f xcosec? (x/2)dx — f cot (x/2)dx
%[xf cosec? (x/Z)dx—f {j—x (x)-f cosec? (x/Z)dx}dx] —fcot; dx
[x . (—2cot ;) — j [1 . (—Zcot ;)] dx — f cot (x/2)dx +C

= tx+f txd f txd +C = tx+C
= —xcot 5 cot - dx cot - dx = —xcot 5 .

Example 12: Evaluate [ xtan™! xdx.

Solution: Integrating by parts, taking tan~! x as the first function, we get
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f xtan™! x dx = (tan”?! x) f xdx —f {% (tan™! x) f xdx} dx

XZ

_ -1 N T
= (tan™' x D de

-1

_ x’tan! x 1[ (1 1 )d dividi 2 by 1 4 2
= > > T+ 2 x [on dividing x* by x“ ]

xtan1 fd 21 f 1
- x D R

xtanlx + t = T
E————— an"! x
2 2 2

1 1
= E(l + x?)tan™! x—§x+ C.

Example 13: Evaluate [ x?sin~! xdx.

Solution: Integrating by parts, taking sin™! x as the first function we get

3

x
j x?sin™! xdx = (sin”?! ) —— - —dx
1—x2 3
x3sin~ 1 x 1 x3
== - - dx
3 3 V1= x2
x3sin™1! x 1J X - x?
o dx
3 3) V1 -—x2
x3sin"tx 1 t(1-1t?)
=T+§f ————=dt, where (1 — x?) = t?
_x3sin‘1 x+1j‘ it 1f 248
- 3 3 3
_x3sin‘1x+1t 1t3+C
i 3 379
fsin st 11 il
F ATV IJRATH1 — x7)¥2 4. C.

Example 14: Evaluate [ cos™* xdx
(ii) [ tan™! xdx
(i) [ sec™® xdx
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Solution: Put cos™! x = t so that x = cos t and dx = —sin tdt.

o [ cos™t xdx =—{ tsin tdt
= —[t-(—cos t) — [ 1-(—cos t)dt]
= tcos t — [ cos tdt = tcos t —sin t + C
=xcos tx—V1I—x2+C
[ cost=x>sint= W]

[integrating by parts]

Example 15: Evaluate [ tan™! xdx
Solution: Put tan™! x = t so that x = tan t and dx = sec? tdt.

s j tan~! xdx =] tsec? tdt

=t-tant— f 1 - tan tdt [integrating by parts]

=t-tan t + log |cos t| +C

1
=(tan' x)-x+1lo |— +C
§ V1 + x?
1
“tan t = x = cos tz—]
[ V1 + x?

1
= x(tan™?! x) —Elogll +x?| + C.

Example 16: Evaluate [ sec™! xdx

Solution: Put sec™® x = t so that x = sec t and dx = sec ttan tdct.

f sec™! xdx =f t(sec ttan t)dt

= t(sec t) —J 1 - sec tdt [integrating by parts]

= t(sec t) —log |sec t +tan t| + C

= t(sec t) — log |sec t++/sec? t— 1| +C
= x(sec™! x) — log |x+\/x2 - 1| + C.
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Example 17: Evaluate [ (sin™! x)%dx.

Solution: Putting x = sin t and dx = cos tdt, we get

f (sin™! x)%dx = f t?cos tdt
= t? - (sin t) —f 2t(sin t)dt [integrating by parts]

= t%sin t — 2 [t(—cos t) —f 1-(—cos t)dt]

= t%sin t + 2tcos t — 2sin t + C
= x(sin™! x)% + 2(sin™! x)/1 —x2 — 2x + C.

Example 18: Evaluate [ —xdx

x2)3/2

Solution: Put x = sin t so that dx = cos tdt and t = sin™ ! x.

tcos t tcos t
dt = dt
j (1- x2)3/2 f (1 — sin? t)3/2 f cos3 t

=f tsec? tdt

=t-(tan t) — f 1-tan tdt [integrating by parts]
=t-(tan t) +log |cos t| + C

= (sin™! x) -\/%+log |\/1—x2| + C.
—x

X
w cost=+y1—x%2andtan t =—]
| Y —

x(sin"! x) 1
V1 —x2 2 s

Example 19: Evaluate [ sec® xdx.

Solution: [ sec® xdx = [ sec x - sec? xdx

= sec x - (tan x) —J sec xtan x(tan x)dx
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[integrating by parts]

= sec xtan x —f sec x(sec? x — 1)dx

= sec xtan x —f sec3 xdx +f sec xdx

Zf sec® xdx = sec xtan x + log |tan (% + §)| +C
3 1 1 T X ,
or f sec xdx=zsec xtan x+§log |tan (Z+§)|+C'

Example 20: Evaluate [ tan~! v/xdx.

Solution: Put vVx = t so that%dx = dt or dx = 2tdt.

f tan™! Vxdx = 2] t(tan™! t)dt

2 1 2
=2I(tan‘1 t)'%—f {m%}dtl‘l‘c
+2

= t?(tan™! t)—f mdt+c

2y _
= t2(tan™! t)—j Kl(-;i—zz)l]dt"'c

1
— 42 -1 _
= t2(tan"1 ¢t) jdt+J (1+t2)dt+C

=t?(tan"'t)—t+tantt+C=(t* +Dtan ' t—¢t+C
= (x+ Dtan"! Vx —v/x + C.

15.4 SUMMARY

So, in this first unit we have learned about the

» concept of integration by parts and its significance in calculus.

» derivation of the integration by parts formula and its intuitive

interpretation.
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» technique of integration by parts through guided examples and

practice problems.

» choosing appropriate functions to apply integration by parts

effectively.

> integration by parts to solve a variety of integrals, including those
involving logarithmic, exponential, algebraic, and trigonometric

functions.

15.5 GLOSSARY

Integration by Parts: A method of integration derived from the product
rule.

Product Rule: A differentiation rule for the product of two functions.
First Function: The function selected as u in integration by parts.
Second Function: The differential selected as dv.

u: The chosen first function in the integration-by-parts formula.

dv: The chosen differential part to be integrated.

v: The antiderivative of dv.

LIATE: A common guideline for choosing u: Logarithmic, Inverse
trigonometric, Algebraic, Trigonometric, Exponential.

15.6 EXERCISES

Evaluate [ x° e*dx.
Evaluate [ x*sinx dx.
Evaluate [ x™log x dx.

Evaluate [ (logx)(logx) dx.

o~ w0 oE

Evaluate [ e3* cos 4x dx.
X
2

)

6. Evaluate [ dx.

xe
(x+1

Mathematical Methods for Economics 257



logx
(1+logx)?

7. Evaluate [

e*(1+sinx)
1+cosx

8. Evaluate [

ax

9. Show that [ e®* sin bx dx = (a sin bx — b cos bx).

a’+b?
eax

a?+b?

10. Show that [ % cos bx dx = (a cos bx + b sin bx).

15.7 SUGGESTED READINGS

1. T. M. Apostol, Calculus Vol I, Wiley & Sons (Asia) Pvt. Ltd,
1991.
2. Shanti Narayan, Integral Calculus, S. Chand, New Delhi, 2010.
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UNIT 16 DEFINITE INTEGRATION AND ITS

APPLICATION

STRUCTURE

16.1. Introduction

16.2. Obijectives

16.3. Definite integration concept

16.4. Properties of definite integral

16.5. Solved example

16.6. Applications of Definite integration

16.7. Summary

16.8. Glossary

16.9. Exercises

16.10. Suggested Readings
16.1 INTRODUCTION

Definite integration is a fundamental concept in calculus that allows the
calculation of the area under a curve between two specified points. This unit
explores the concept, properties, and techniques of definite integration and
how it can be applied in various fields such as physics, economics, and
engineering. We will also cover practical examples and applications,
enabling you to understand and use definite integrals to solve real-world
problems. Mastering definite integration will provide essential tools for

evaluating quantities such as total area, distance, and accumulated change.

16.2 OBJECTIVES

By the end of this unit, you will be able to:

» Understand the concept and definition of a definite integral.

» Apply the properties of definite integrals to simplify calculations.

Mathematical Methods for Economics 259



» Solve various types of definite integrals using appropriate
techniques.

» Use definite integration to compute areas under curves, total
accumulated quantities, and solve real-world problems.

> Apply definite integration in different fields such as physics,
economics, and engineering.

16.3 DEFINITE INTEGRATION CONCEPT

If f(x) is a continuous and non-negative function over a closed interval

[a, b] then [ ; f(x)dx is called the definite integral of f(x) between the
limitsa and b(b > a).

If [ f(x)dx = F(x) + c, then f;’f(x)dx = [F(x) +c]b = F(b) — F(a)
is a definite value.
Here, a is called the lower limit and b is called the upper limit and the
interval [a, b] is called the range of integration.

Remarks

o f:f(x)dx represents the area bounded by the linesx = a and a =
b.

e If F(b) — F(a) in not a definite value, then the integral fff(x)dx
IS indefinite.

16.4 PROPERTIES OF DEFINITE INTEGRALS

1 [ fodx = 0.

2 The value of definite integral is independent of the variable of
integration.

then

Jb f(x)dx = Jb f(w)du

a a
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b b
| feodx = e = F) - F@) = [ fadu

3 J, f@dx =~[, fex)dx.

4 [lfeydx+ [, fedx =[] f(x), wherea < c < b.

5 [ofla—x)dx= [, fx)dx.

6 If £(x) is an even function of x, then f_aaf(x)dx S Zfoaf(x)dx
and if f(x) is an odd function then f_aaf(x)dx = 0.

7 [0 Fe0dx = 2f, f(x)dx if f(2a— x) = f(x)

and [ f(x) = 0if f(2a —x) = —f(x)

8 [, f(x)dx =nf, f(x)dxif f(x + ma) = f(x) for all integral
values of m and n is positive integer.

Example 1. f132x3dx = —f312x3dx

3

3 1 1 1
2x3dx = =x*| ==3)*—=(1)*=40
| 2ide=zx| =2@t -3

1

Checking this answer,

1

1 1 1 1
2x3dx ==x*| ==(D*—=(3)*=-40
| axtax=gx =30 -3

3
Example 2. f: (2x +3)dx =0

Checking this answer,
5
j (2x + 3)dx = [x? + 3x]2 = [(5)? + 3(5)] = [(5)? +3(5)] = 0
5

Example 3. [ 04 6xdx = | 03 6xdx + [ 34 6xdx
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4

f 6xdx = 3x2|4 = 3(4)? — 3(0)2 = 48
03

f 6xdx = 3x?|3 = 3(3)? — 3(0)% = 27
0

4
f 6xdx = 3x%|% = 3(4)? — 3(3)% = 21
3

Checking this answer, 48 = 27 + 21.

Check Your Progress

1. Evaluate: [o* (3x2 + 2x + 1) dx.

3. If marginal cost is MC(q) = 4q + 10, find the change in total cost when
output increases from g = 2 to q = 5 using definite integration.

16.5 SOLVED EXAMPLES

Example 1. Evaluate definite integrals f1410xdx.
Solution. [, 10xdx = 5x2|% = 5(4)2 — 5(1)% = 75
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Example 2. Evaluate definite integrals f13 (4x3 + 6x)dx.

Solution. ff’ (4x3 + 6x)dx = [x* + 3x2%]3
= [(3* +3(3)% - [(D* +3(1)?] =108 — 4
= 104.
Example 3. Evaluate definite integrals [ 06 Sxdx.
Solution. [’ 5xdx = 2.5x%|§ = 2.5(6)% — 2.5(0)% = 90
Example 4. Evaluate definite integrals fllo 3x2dx.
Solution. [ 3x2dx = x3|1° = (10) — (1)* = 999

Example 5. Evaluate definite integrals f164x‘2/3dx

Solution. [** x~2/3dx = 3x1/3|”" = 3364 —3¥1 =9

. =

Example 5. Evaluate definite integrals [ 13 (x3 +x + 6)dx

3
Solution. f13 (x3+x+6)dx = Gx“ + %xz + 6x)|
1

= 1(3)4 +1(3)2 +6(3) — [1(1)4 +1(1)2 + 6(1)] =36
4 2 4 2 B

Example 6. Evaluate definite integrals [ (x~/2 + 3x%/2)dx

Solution. ff (x_% + Bx%) dx = (Zx% + 2x%) :

1
=2ﬁ+2ﬁ—(2ﬁ+zﬁ) = 16.
Example 7. Evaluate definite integrals f03 4e?*dx

Solution. [ 4e?*dx = 2e%*|3 = 2(e*® — 2®) = 2(403.4 — 1) =

804.8.
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Example 8. Evaluate definite integrals foloze‘z"dx

Solution. folo 2e % dx = —e |0 = —¢72010) — (—¢72(0)) = —¢720 ¢

e =1.

1 (tan~? x)°
Example 9. Evaluate [ o dx
1

Solution. Put tan™" x = t, s0 that — dx = dt.
Also, when
x=0t=tan" 1 =0
% = 0,t = tansla] =0
=0,t= =
and when
1 (tan"l x)z /2 , 1 /4 1 g3 3
2an - *) ge= tdt=[— 3] VL
,[01+x2xf0 370, T3%6 T 192

Example 10. Evaluate folxzezdx.
Solution. Using integrating by parts taking x2 as Ist function we have

1 1
f xle?dx = [x%e*]} —f 2xe*dx
0 0

1 1

= [x%eX]§ — 2 lxex — f exdxl

0
= [x2e*]} — 2[xe* — e*]}°
=(l.el—axe’)—2[1.et—e)—(0—-¢°)
=e—20+1)=e—2

0

Example 11. Evaluate fon/zcos x - sin? xdx.
Solution. Putting sin x = t so that cos xdx = dt.
also, when x = 0,¢t = sin 0 = 0 and when x = g,t = sin g = 1.

/2 L t3 1 1 1
fo cos x - sin? xdxzj; tzdtzlg]:§[t3]é=§(13—0):§~9
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2 dx
1 (x+3)(x+4)

: 2 adx 1 A B
Solution. Let [ = fl (x+3)(x+4) and (x+3)(x+4) _ x+3 + >

Example 12. Evaluate [

1 _A(x+4)+B(x+3)
(x+3)(x+4) x + 3)
= 1 =A(x +4)+B(x+3)
Putting x = —4, —3.
When
x=-4
1 =-B
7B =-1
When
x=-3
> 1=4

_[(? 1 _(* dx 2 dx
! _jl (x+5)(x+4)dx__[1 m‘fl X+4
[log (x +3)F — [log (x + 4)]
[log 5 —log 4] — [log 6 — log 5]
=log 5—1log 4 —log 6 +1log 5
= 2log 5 —1log 4 —log 6
= 2log 5 —log 24
= log 25/24

Example 13. Evaluate the following integrals
Q) f:/zlog tan xdx
(ii) /"% log (1 + tan 8)d6

Solution. (i) Consider, I = fon/zlog tan xdx.
Now,
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I= fon/z log tan (g—x) dx l J;a f(x)dx = foa f(a—x)dxl

/2
I = J. log cot xdx
0

On adding, we get 21 = f:/z log tan xdxfon/2 log cot xdx
/2 /2
= fo log (tan xcot x)dx = .l; log 1=0
Hence,
2=0=>1=0
(i)
/4

Consider I = j log (1 + tan 0)d6
0

I =f0n/4 log [1+tan (%—6)] do I foaf(x)dx=foa f(a—x)dxl

/4 1—tan 6 w4 2
= | [1 ——|df =f 1 (—) deo
fo °8 +1+tan9 0 % \T+tan 6
/4
= ] [log 2 —log (1 + tan 8)]d6
0

/4 /4 T
= ] log 2d6 —J log (1 + tan 8)d6 = Zlog 2—1
0 0

So, 21 =Zlog 2

Hence I = ~log 2.

16.6 APPLICATIONS OF DEFINITE
INTEGRATION

DETERMINATION OF LENGTHS (RECTIFICATION)

The process of finding the length of an arc of a curve between two given
points is called rectification.
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16.6.1. ARC FORMULAE FOR CARTESIAN EQUATIONS

To find the length of the arc of the curve y = f(x) between the points,
where x = a,x = b.

Or

To show that the length of the arc of the curve y = f(x) between the
points, where x = a,x = b isgiven by

b 2
f 1+27) 4
— |dx
dx
a
where y and Z—i’ are continuous and single-valued functions in the interval
aa < x < b and the integrand does not change sign in this interval.

Example 1. Find the length of the arc of the curve y = log ¢ 1 from

eX+1
= 1ltox = 2.

Solution. The equation of the curve isy = log ‘:; ;11

= log(e®* — 1) —log(e* + 1)
X

dy e* e
dx e* -1 e*+1

gl
ex —1 e*+1

-~ xex+1—ex+1_ 2e*
AN | =1

~ Required length of arcfromx = 1tox = 21is

2 ay\? 4e2% 7
—fl 1+ ( x) dx = f —(ezx AT dx =
IZ (e?* — 1)2+4ezx f N o
1 (er - 1)2 (er = 1)2
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_ fz eX+e %
T U1 ex_e—x

- (e~ ) ~ton(e ) =0 (2) - ()

= log (64_1.6; ) = log (%) = log(e + e™).

e? -1

dx = |log(e® —e™*)| =log(e? —e™2) —log(e —e™ 1)

16.6.2. ARC FORMULAE FOR PARAMETRIC EQUATIONS

To show that the length of the arc of the curve x = f(t),y = ¢(t)
between the points t = a,t = b is given by

[ ] (G) +()

a A \dt dt

Where x and y are continuous functions and single valued functions of ¢
inthe interval a <t < b.

Example 2. Find the length of the arc of the curve
x = e%sinf ,y =ePcosf fromf = 0tof =n
Solution. The given curveisx = e%sin@ ,y = e cosd

dx _ - o _ 0 -
E:e .cos@ +sinf.e” = e”(cosf + sinH)

d
% = eY(—sinB) + cosH.e? = e? (cos§ — sinH)

dx\>  /dy\?
= (E) + (d_Jtl> = e?9[(cos 0 + sin0)? + (cos 6 — sin 6)?] = 2e29.

n 2 2 n
Required length of arc = |2 \/(Z—Z) + (Z—Z) df = [2V2e%9d0

= \/Efieedé? = \/E(eg— 1)
0

16.6.3. ARC FORMULAE FOR POLAR EQUATIONS
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Show that the length of the arc of the curve r = f(68) between the points
0=a6=LIis

Example 3. (i) Find the length of the arc of the equiangular spiral r =
a e? cot @ petween the points for which the radii vectors are r, and r, .

(i) Find the length of the arc of the spiral » = a# the points whose radii
vectors are r; and .

Solution. (i) The equation of the curve isr = a e €t @

-dr_
--de—ae

bcota oot @ =r cot a.

Required length of arc fromr = r; tor;, is

T2 2
=f 1+tan2adr=f secadr = (r, —r)seca
T T

1

DETERMINATION OF AREA (QUADRATURE)
16.6.4 AREA FORMULA FOR CARTESIAN EQUATIONS

1. The area bounded by the curve y = f(x), the x-axis and ordinates x =

a,x=>bis
b
fydx,
a
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where y = f(x) is a continuous single-valued function and y does not
change sign in the interval a < x < b.

2. The area bounded by the curve x = f(y), the x-axis and ordinates y =

c,y=dis
d
fxdy,
c

where x = f(y) is a continuous single-valued function and y does not
change sign in the interval ¢ < y < d.

Example 1. Show that the area cut off a parabola by any double ordinate is
2/3 of the corresponding rectangle contained by the double ordinate and its
distance from the vertex.

Solution. Let the equation of the parabola be y? = 4ax and that of the
double ordinate PP’ be x = c.

v
P
r
A\ ¢ [m X
o

The curve is symmetrical about the x-axis and for the part of the curve above
the x-axis (taking + ve sign before the square root), we have y = v4ax

Area cut-off the parabola by the double ordinate PMP= area PAP = 2 area
PAM

I 3 x% 8 3
=Jydx=2J\/4axdx=4\/ET =§\/ECZ
0 0 s
2
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Again MP =+/4ax = V4ac = 2</a\/c = PP’ = 2MP =
4ave.

Area of the rectangle formed by the double ordinate PMP' and its distance
from the vertax i.e., AM,

3
= PP'x AM = 4avcc = 4/ac?
3
Area cut-off the parabola by the double ordinate PP’ =§\/Ec5 =
3
s (4 c2)

2
=3 x area of the rectangle formed by PP’ and AM.

Hence proved.
16.6.5 AREA BETWEEN TWO CURVES
The area bounded by the curves y = f(x),y = g(x) and the ordinates x =
a,x=>bis

b

j [y of upper curve — y of lower curve| dx
a

Example 2. Prove that the common area to the parabolas x? = 4ay and
y? = 4ax i513—6a2.

Solution. To find the common area between the parabolas x? = 4ay and
y? = 4ax, we need to find the points of intersection of the two curves.
Setting x? = 4ay and y? =4ax and solving for x and y, we get
(0,0), (4a,4a).
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Required common area to both the parabolas

4a
= f [y of upper curve — y of lower curve] dx
0

4/a 3 1 32a%2 16a% 164>
= |— (4a)2 — — (4a)3| - [0-0] = — = .
3 (40) 12a(a)l 0-0l==3=~3 3

16.6.6 AREA FORMULAE FOR PARAMETRIC EQUATIONS

(i) The area bounded by the curve x = f(t) y = ¢(t) the X-axis and the
ordinates at the points wheret = at = bis f;y% dt.

(ii) Similarly, the area bounded by the curve x = f(t) y = ¢(t), the y-
axis and the abscissae at the points where t = ¢,t = d is given by

d dy
fc XE dt.
Example 3. Find the area enclosed between one arch of the cycloids

x =a(@ —sinf)y = a(l — cos ) and its base.
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Solution. The parametric equations of the cycloid x = a(6 — sin8)y =
a(l — cos 6).The cycloid is symmetrical about the line x = a m i.e., the

line throught the point where 8 = m and perpendicular to x-axis, and the
base is x-axis.

For the first half of the cycloid, 6 varies from 0 to 7.

"t

<V

O,9=0 0=2n

Required area bounded by the cycloid and its base

= area under the cycloid

Vs dx T
=2f y— d0=2f a(l — cos 8)a(l — cos 0)do
o ~db 0

2

s T 6
= 2azj (1 — cos 6)?dO = ZaZJ (2 sin2§> de
0 0

T
0
= 8a2j sin* —
0 2

T

2
= 8a2f sin* t 2dt
0

B

£ 16a2f sin*t dt = 16a%.—

7T_3 5
; 222 "

16.7 SUMMARY

So, in this first unit we have discussed the following concepts
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> Definite integration concept

> Properties of definite integral

» Solved example

» Applications of Definite integration

16.8 GLOSSARY

Definite Integral: An integral with specified lower and upper limits.
Lower Limit: The starting limit of a definite integral.
Upper Limit: The ending limit of a definite integral.

Area Under Curve: The accumulated area represented by a definite
integral.

Net Area: Area above a curve offset by area below the reference axis.

Fundamental Theorem: The theorem relating a definite integral to an
antiderivative.

Economic Surplus: The difference between benefits and market
expenditure measured through integration.

Accumulation: The total quantity obtained by integrating a rate or density
function.

16.9 EXERCISES

1 Evaluate the following definite integrals:
a) fol (3x% + 2x)dx
b) f: (x3 = 5x)dx

2 Use properties of definite integrals to simplify the following
expression:

a) [ (4x — 3)dx + [ 0(6x + 2)dx
b) f04 (2x?% — 3x)dx — f46 (x? — 2x)dx

3 Find the area under the curve for the following functions between
the given limits:
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a)y=x2fromx=0tox =3
b)y =sin xfromx =0tox=m

4 Find the area enclosed by the curve y? = x and the straight line x =
4.

5 Find the area bounded by the parabola y? = 4ax and its latus
rectum.

6 Find the area of a plate in the form of quadrant of the ellipse Z—z +

yZ

ﬁzl.

16.10 SUGGESTED READINGS

1. T. M. Apostol, Calculus Vol I, Wiley & Sons (Asia) Pvt. Ltd.
1991.

2. Shanti Narayan, Integral Calculus, S. Chand, New Delhi, 2010.
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BLOCK-V FINITE DIFFERENCES AND
INTERPOLATION

UNIT 17 FINITE DIFFERENCES AND
DIFFERENCE TABLE

STRUCTURE
17.1. Introduction
17.2. Objectives
17.3. Finite differences and operators
17.4. Relation between operators
17.5. Summary
17.6. Glossary
17.7. Exercises
17.8. Suggested Readings

17.1 INTRODUCTION

In this unit, we delve into the concept of Finite Differences, an essential tool
in numerical analysis used to approximate derivatives, solve differential
equations, and analyze data trends. Finite differences provide a discrete
counterpart to continuous derivatives, enabling computations in contexts

where analytical solutions are challenging or unavailable.

We begin with the definition of finite differences, which captures the
variation between successive terms in a sequence or function values over
equal intervals. The most common types include forward, backward, and

central differences.

Following the introduction of finite differences, we explore finite difference
operators, which are mathematical symbols representing the finite

difference calculations. The primary operators we study are:
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Forward difference operator (A): Measures the change in function values by

looking at successive terms.

Backward difference operator (V): Measures changes by looking at previous

terms.

Central difference operator (6): Computes the difference based on the

midpoint between successive terms.

We will also discuss the relation between these operators, focusing on their
algebraic properties and how they can be transformed into one another. This
understanding is crucial for building difference tables, which offer a
systematic way to organize and compute differences for sequences or

functions.

17.2 OBJECTIVES

After completing this unit, students will be able to
> Define and compute finite differences.
» Use finite difference operators effectively.

» Understand the relationship between different operators.

17.3 FINITE DIFFERENCES AND OPERATORS

Finite differences provide a way to approximate the derivative of a function
by using discrete points. Given a function y = f(x), the finite difference is
defined as the difference between the function values at two points. Here, x
is known as argument and y is called entry. Let the values of the argument

are at equal interval.

a,a+h,a+2h,a+3h,....... ... e oo.......a + nh.

The corresponding values of y are
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F(@), f(a+h), f(@a+2R), F(@+3h), oo f(@ + nh).
The following differences are called finite difference
fla+h) - f(a)
fla+2h)—f(a+h)

f(a+3h) — f(a+ 2h)

fla+nh)—f(a+ (n—1n)
he most common types of finite differences are:
o Forward Difference: Af(x) = f(x + h) — f(x)

« Backward Difference: Vf(x) = f(x) — f(x — h)

« Central Difference: 6f(x) = f (x + g) —f (x 7 %)

Forward Difference Operator: The forward difference operator A is
defined as

Af(x) = f(x+h) = f(x)

For x = x; we have

Af(x) = f(x; + h) — f(x;)

or Ay, =vVit1 — Vi i=012,...n—1
In particular, Ayo = y1 = Yo, Ay, =y, —y1,8y, = y3 —
Vo eeeene ,Ay,_1 =y, — y,_1. These are called first order differences.

Similarly, we can define second order differences by taking differences of
first order. These differences are denoted by A%y,, A%y, ... ... and defined as

Ay, =0y —Ayo = (V2 = Y1) — 1 — Yo) = Y2 — 2Y1 + Yo
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Ay, =Dy, —Ayy = 33 —y2) — (2 — Y1) = y3 — 2y, + ».

My, =20y — ANy, = (3 — 2y, + y1) — 2 — 291 + Yo)
=y3 — 3y, + 3y1 — Yo

Ay, =y, — 3y; + 3y, — y1.
In general,
An+1yi = Anyi+1 — Anyi, I = 0,1,2,

All the forward differences can be represented in a tabular form, called the
forward difference or diagonal difference table.

x y A A? A3 A*
X0 Yo
Ay,
X A?
1 V1 Yo
Ay, A33’0
X2 Y2 Azyl A4}’0
Ay, AB)’1
X3 Y3 Az}’z
Ay
Xg Y4

Properties of forward difference operator

> Alfi(x) + f200) + -+ f(0)] = Af1 () + Af(x) + -+ Afp (%)

> Aleifi(x) + e f(x0) + - + e fn ()] = c1Afi1(xX) + cAf (%) +
et CnAfn(x)

> AMAMf(x) = AT™TF(x) = AMATf(x) = ARA™TRF(x), k =
0,1,2...,morn.
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Backward Difference Operator: The forward difference operator A is
defined as

V() = f(x) = f(x + h)
For x = x; we have
Vi) = f(x) = f(x — h)
or VY, =y — Ve, i=nm-1),..1

In particular, Vy; = y; —vo, VYo = vo —v1, VY, = y3 — Y5, e .. ,Vy, =
Yn — Yn—1. These are called first order differences.

Similarly, we can define second order differences by taking differences of
first order. These differences are denoted by V2y,, V2ys, ... ... ,V2y,. and
defined as

VZy, =Vy, —Vy, V2 = Y1) — 1 —Yo) =y2 — 2y1 + Yo
Viys =Vy, =Vys = (03 —¥2) — (V2 — Y1) = y3 — 2y, + Y1
In general,

Vky; = Ve ly, —vETly, i=nn-1),..,1

All the backward differences can be represented in a tabular form, called
the backward difference or diagonal difference table.

x y 1% V2 V3 v4
Xo Yo

X1 41 Vy1

X7 Y2 Vy, Vz}’z
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Xg Vs Vy, VZ}’4 V33’4 V43’4

Properties of forward difference operator

> VIAG) + fo(0) + -+ L] = VAG) + V() + - + V] (%)

> V[eifilx) + cofo(x) + -+ e fn (0] = ¢ VAKX + V(%) +
et Cnvfn(x)

> VMVRf(x) = VM (x) = VIV f(x) = VRV f (), k =
0,1,2...,morn.

Central Difference Operator: The central difference operator is denoted
by & and is defined by

1=+ (<)

For x = x; we have

5 ) = f (xi+2) ~ £ (xi+3)
Or
6y; = yi+% - yi_%

In particular, 8y = y; — ¥0,6y3 = Y2 = Y1, -, 0¥, 1 = Yn = Yn-1.
2 2 2

Similarly, we can define second order differences by taking differences of
first order.

6%y; = 5)’”% m 5%_% = Vi1 =¥ = O = Yie1) = Vi1 = 2yi +Yima.
In general,

5nyi = 5n—1y. = 5n—1y' 1
— : .
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All the central differences can be represented in a tabular form, called the
central difference table.

x y ) 52 53 5*
Xo Yo
6y1
2
x 52
1 V1 Y1
6ys 6°y3
2 2
X2 Y2 523’2 543’2
8ys 8%ys
2 2
62
X3 Y3 V3
8y7
2
X4 Y4

It may be observed that all odd (even) order differences have fraction
suffices (integral suffices).

The Shift operator E: The shift operator is denoted by E and is defined by
Ef(x) = f(x + h)
OrEy; = yis1.

Note that shift operator increases subscript of y by one. When the shift
operator is applied twice on the function f(x), then the subscript of y is
increased by 2.

E? f(x) = E[Ef(0)] = E[f(x + B)] = f(x + 2h).

In general,
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E"f(x) = f(x + nh)or E"y; = y; + nh.

The inverse shift operator can also find in similar manner. It is denoted by
E~1 and is defined by

E7 f(x) = f(x—h).
Similarly, second and higher order inverse operators are defined as follows:
E™2f(x) = f(x—2h)and E™™ f(x) = f(x —nh).
Few common properties of E operator are given below:
(i) Ec = ¢, where cis a constant.
(ii) E{cf(x)} = cEf(x).

(ME{cifi(x) + c2fo(x) +- -+ +enfu(X)] = Efi(x) +
Ef,(x) + -+ + enEfn(x).

(iv) EMEnf(x) = EME™Mf(x) = E™Mf(x).

(V) ERE™"f(x) = f(x).Inparticular, EE~1 = I, 1 is the identity operator
and it is sometimes denoted by 1.

(Vi) (E")™f(x) = E™f(x).
(Vi) E {f(x) g(x)} = Ef(x) Eg(x).

O _ Ef(x)
(viil) E {ﬁ} = Foto"

(ix) EAf (x) = AEf(x).

(x) ATf(x) = VPE™f(x) = EmV"f(x) and Vif(x) =
AME™Mf(x) = ETMAME ().

The Average operator u: The average operator is denoted by p and is

defined by
wrcr=3lr(es)-r (e
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Or

The Differential operator D: The differential operator is well known from
differential calculus and it is denoted by D. This operator gives the
derivative. That is,

d
DFG) = ——f(x) = /()

dZ
D) = —f(0) = f"(x)

n

DR fC) == f(x) = f7(x)

The factorial notation: The factorial notation is a very useful notation in
calculus of finite difference. Using this notation one can find all order
differences by the rules used in differential calculus. It is also very useful
and simple notation to find anti-differences. The nth factorial of x is
denoted by x™ and is defined by

x™ = x(x — h)(x — 2h) -+ (x —n — 1h),
where, each factor is decreased from the earlier by h; and x(® = 1.

Similarly, the nth negative factorial of x is defined by

1

S .
x(x + R)(x + 2h)---(x +n — 1h)

A very interesting and obvious relation is x™ .x™ = 1. Following results
show the similarity of factorial notation and differential operator.
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Check Your Progress

1.Fory=x2atx =1, 2, 3, 4, 5, construct the forward difference table up to
the second difference.

2. Given y-values 10, 14, 20, 28, 38 for equally spaced x-values, find the
first and second forward differences.

3. Fory=x%atx =0, 1, 2, 3, 4, construct the difference table and identify
the constant difference.

17.4 RELATION BETWEEN OPERATORS

1. Relation between forward and backward difference operators:

We know Ay; =y — ¥ = Vyir and A%y =y — 2y + ;i =
V2Yisa.

Therefore, in general we can write

A"y =V

2. Relation between forward difference and shift operators:
We know Af(x) = f(x + h) — f(x) and Ef (x) = f(x + h), therefore
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Af(x) = flx+h) = f(x) =Ef(x) = f(x) = (E = Df (%)

So, we can write

A=E—-1o0orE=1+A

3. Relation between backward difference and shift operator:
We know Vf(x) = f(x) — f(x — h) and E"1f(x) = f(x — h), therefore
Vi) =fx) - flx—h) =f(x) —E7'f(x) = (1 —E"Hf (x)

So, we can write

V=1—-E1

4. Relation between central difference and shift operator:
h h 1 _1
51 =f(x+3)—f(x—3) = Ff —E 2@

= (7 - E ()

So, we can write

1 _1
0=E2—-—E 2

5. Relation between average difference and shift operator:

We know
uf@) =31 (r43)+1 (=) =3[0 + 54 =+
E™3)f(x)
So, we can write
1 1 1
u= 3 [E2 + E 2]

6. Relation between average difference and central operator:

By previous relation we know that u f(x) = %(EE + E”2)f(x), therefore

£ = 2[5 = E73) fo = %[(E% ) + 4] G0

[62 + 4]f ().

N

So, we can write
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= 1+1$
r= 4

7. Relation between forward, backward, central and shift operator:
We have VEf(x) = Vf(x + h) = f(x + h) — f(x) = Af(x).

And 8E3f(x) = 6f (x +3) = fx + h) = f@) = AF ().

So, we can write

A = VE = §E1/2

8. Relation between differential and shift operator:
We know
Ef(x)=f(x+h)

Expand this by Taylor’s series in the powers of h, we get

h? h3
EFGO) = FGO +hf/() + 271700 4+ /() + -

h? h3
=f(x)+th(x)+ED2f(x)+§D3f(x)+...
R
= 1+hD+ED +§D + | f(x)

= e f(x).

So, we can write

E=eM

9. Relation between differential and central difference operator:

We know §f (x) = [E§ = E_%]f(x). Then by using previous relation E =

e"P we get
hd hd

5f(x) = [EZ - E"21f(x) = [ — e 2 1f (x)
)
= 2sinh (7> f(x)

So, we can write
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hD
6 = 2sinh (7)

9. Relation between differential and average difference operator:

1 b
We know uf (x) = [Ez + E z]f(x). Then by using previous relation E =
e"P we get

1 1 1 1 hd hd
6f(x) = [EZ+E 2]f(x) =5[eZz +e 2]f(x)

= cosh <h7D> f(x)

So, we can write

_ h (hD)
U = COoSs 2

10. From the last two relation we have § = 2 sinh (%D) and u = cosh (%D)

By multiplying these two relations we have

hD hD

éu = 2 sinh (7) cosh (7> = sinh(hD)
= hD = sinh™1(ué)

In the following table, it is shown that any operator can be expressed with

the help of another operator

Table 17.1 Relation between difference operators
E A \Y o) hD

E E A+1 (1 Bl F ehP
2

_V)—l ]
e 2
+6 1+46
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A E-1 A (1 52 e"P —1
2
—_ V)—l ’
-1 +6 /1 +152
V| 1-Et 1 v & 1_ oD
2
-1
+A)—1 +46 1+%62
1 _1 hD
§ | pz_p-z A AQL 0 2 sinh (—
+ A)—1/2 _ A)—l/z 2
1 1 A Y hD
H 1 E2+E 2 (1+—) (1——) 1 cosh(—
5 2 2 1+ 162 2
x (1 x (1
+A)"YZ2 —y)T1/2
hD | logE log(1 | —log(1 | 2sinh™1(§ hd
+A) —A) /2)
17.5 SUMMARY

In this unit, we explored the concept of finite differences and how they help
approximate changes in discrete data or functions. We introduced key finite
difference operators: the forward (A), backward (V), and central (d)
difference operators, and learned how to compute and relate them.
Additionally, we understood the importance of difference tables for
organizing and calculating successive differences, which play a crucial role
in interpolation and numerical solutions of differential equations. Mastery

of these tools is essential for numerical analysis and various applications in

computational mathematics.
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17.6 GLOSSARY

Finite Difference: The difference between successive values of a
function.

Forward Difference: A difference formed using a value and the
following value.

Backward Difference: A difference formed using a value and the
preceding value.

Central Difference: A difference based on values on both sides of a
point.

Difference Table: A tabular arrangement of successive finite differences.
First Difference: The difference between consecutive function values.
Second Difference: The difference between consecutive first differences.

Equal Intervals: Data points separated by the same interval in the
independent variable.

17.7 EXERCISES

1. Compute the forward differences for the following sequence:
5,12,26,47,75,110. Construct the forward difference table up to the
second order.
2. Find the backward differences for the sequence:
3,7,13,21,31,43. Construct the backward difference table up to the
second order.
3. Given the function f(x) = x? + 3x + 2, calculate the forward difference
Af (x) for values of x from 0 to 5 with a step size of 1.
4. Find the relationship between the forward difference operator A and
backward difference operator V for the sequence: ( 2,6,12,20,30,42).
5. Construct the central difference table for the following data set:
x = 1,2,3,4,5) and f(x) = 2,5,10,17,26.
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6. Prove the relation (A= V + E), where A is the forward difference

operator, V is the backward difference operator, and E is the shift operator.

7. Using finite differences, determine whether the function f(x) = 3x2? +

2x + 1 is a polynomial of degree 2 by calculating the second-order

differences.

8. Determine the third forward difference for the function values:
f(0)=3,f(1) =8,f(2) =15,f(3) = 24, f(4) = 35.

9. If Af(x) =5x+ 3, find the general expression for f(x) using the

properties of finite difference operators.

10. For the data set x = 1,2,3,4,5 and f(x) = 1,4,9,16,25, compute

the forward, backward, and central differences. Compare the results and

discuss the significance of each.
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UNIT 18 NEWTON’S FORWARD AND
BACKWARD FORMULA

STRUCTURE
18.1. Introduction
18.2. Objectives
18.3. Newton's forward interpolation formula
18.4. Newton's backward interpolation formula
18.5. Summary
18.6. Glossary
18.7. Exercises
18.8. Suggested Readings

18.1 INTRODUCTION

Newton's Interpolation Formulae are fundamental in numerical methods for
estimating functions using known data points. Developed by Isaac Newton,
these formulae construct polynomial equations that pass through the given
points, enabling the prediction of function values at intermediate locations.
Newton’s Forward Interpolation Formula uses forward differences to
estimate values starting from the initial data point, while Newton’s
Backward Interpolation Formula applies backward differences, working
from the last data point to approximate intermediate values. Both methods
are essential for accurate and flexible function approximation across various

numerical applications.

18.2 OBJECTIVES

After completing this unit, students will be able to
» Remember Newton’s forward and backward interpolation formula
» Apply Newton’s forward and backward interpolation formula to

solve problems
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18.3 NEWTON'S FORWARD INTERPOLATION
FORMULA

Let y = f(x) be a function of x which assumes the values f(a), f(a +
h), f(a + 2h),....... , f(a + nh) for (n + 1) equidistant values a,a + h,a +
2h, .....,a + nh of the independent variable x. Let f(x) be a polynomial of

n" degree.

Let f(x) =A4p+A;(x —a)+ A, (x —a)(x —a—h)

+A;(x —a)(x —a—h)(x —a—2h) + - (1)
where Ay, Ay, Ay, . ... , A, are to be determined.
Putiix = a,a+h,a+ 2h,.......,a+ nhin (1) successively.

Fori.ix = a, f(a) = Ay

Fori.ix =a+h, f(a+h) =Ay+ A;h

= f(a+h)=f(a)+Ah
_ Af(a)
~ h

= Aq

Forx = a+ 2h,

f(a+ 2h)= A, + A;(2h) + A,(2h)h
Af(a)

= f(a) + 2h {T} + 2h% A,

= 2h? A,= f(a + 2h) — 2f(a + h) + f(a) = A%*f(a)
A?*f(a)

TP

s A3f(a)
37T gp3

and so on. Thus, A, = An';(:).

Mathematical Methods for Economics 293



Af(a) A?*f(a)

From (1), f(x) = f(a) + (x — a) +(x—a)(x—a—h)

h 2! h2
A™f(a)
+(x—a)....... (x—a—n-1h) T
Put x=a+hu:>u=¥,wehave
Af hu)(hu —h
f(a+ hu) = f(a) + hu lEa)+( u)z(wlllz )Azf(a)+---
hu)(hu — h)(hu — 2h) ........(hu — n — 1h
+( u) (hu — h)(hu ) (hu—n )A“f(a)
n!h?
fa + hu) = (@) + udf(a) + D pga) 4o g SO D@D WA D o

2!
which is the required Newton's forward interpolation formula.

n!

This formula is particularly useful for interpolating the values of f(x) near
the beginning of the set of values given h is called the interval of difference,
while A is forward difference operator.

Example 1. The values of f(x) for x = 0,1,2, .....,6 are given by

f(x): |2 |4 |10 | 16 | 20 | 24 | 38

Estimate the value of f(3.2) using only four of the given values. Choose

the four values that you think will give the best approximation.

Solution. Last four values of f(x) for x = 3,4,5,6 are taken into
consideration so that 3.2 occurs in the beginning of the table.
Herea=3,h=1,x=32 2a+hu=32 =2u=0.2

Mathematical Methods for Economics 294



The difference table is:

x | fx) | Afx) | A%(x) | A3(x)
3|16 |4 0 10
420 |4 10
5|24 |14
6 | 38

Applying Newton's forward difference formula,

£(3.2)= f(3) + ubf(3) + %mc) = 13)!(“ ~2) p3q(3)

=16+ (2)(4) + wm) eI _61)('2 —2) (10) = 17.28.

Example 2. Find the value of sin 52° from the given table:

0° 45° 50° 55° 60°

sin 8 | 0.7071 | 0.7660 | 0.8192 | 0.8660

Solution.

a=45°,h=5,x =52
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Difference table is:

Differences

X

10%y | 10%*Ay | 10%A%y | 10*A3y
45° | 7071 | 589 .57 -7
50° | 8660 | 532 -64

55° | 8192 | 468

60° | 8660

By forward difference formula,

f(a + hu) = f(a) + uAf(a) + %A%@ G 13)'(‘1 = 2) A3t
. u.(u -1
= 10*(x) = 10*(a) + 10*uAf(a) + 10* =——A*(a)
41020 13)'(‘1 —2) A3f(a)
\ \ 1 AH4-1) .,
= 10*(52) =10*(45) + (1L4)10*AM(45) + ——————10*A%{(45)
S04 DAL= o

3
(1.4)(4) s (1.4)(.;})(—.6) i

= 7071 + (14)(589) + ———(~57)

= 7880
~ f(52) =.7880. Hence, sin 52° = 0.7880.
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Check Your Progress

1. Using Newton’s forward interpolation formula, estimate y at x = 1.5 from
thedata: x=0,1,2,3;y=1, 3,7, 13.

2. Using Newton’s backward interpolation formula, estimate y at x = 2.5
from the data: x=0, 1, 2, 3; y =2, 5, 10, 17.

3. For the data x = 10, 20, 30, 40 and y = 25, 40, 55, 70, use an appropriate
Newton interpolation formula to estimate y at x = 25.

18.4 NWTON'S BACKWARD INTERPOLATION
FORMULA

Let y = f(x) be a function of x which assumes the values f(a), f(a + h),
f(a+ 2h),......,f(a+nh) for (n+ 1) equidistant values a,a+h,a+
2h, .....,a + nh of the independent variable x.

Let f(x) be a polynomial of the nh degree.
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+A,(x—a—nh)(x—a—n—1h).....(x—a—h) (1)

where Ay, Ay, Ay, As, ....., A, are to be determined.

f(a+n—1h) =Ap;—hA, =f(a+nh) —hA, 2)
_ Vf(a+nh) )

= A; h

f(a+n—2h) = Ap — 2h A, + (—2h)(=h)A,

= 21h? A, = f(a + n — 2h) — f(a + nh) + 2Vf(a + nh)

= V?f(a + nh)
Proceeding, we get
. V“fia; ;—nnh) ()
Substituting the values in (24), we get
f(x) =f(a+nh)+(x—a—nh)w+... )

+(x—a—nh)(x—a—n-—1h)
Put x = a + nh + uh, then
X —a—nh =uh
and
x—a—(n—1h=(u+1)h

x—a—h=(@u+n-1)h
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~ (5) becomes,

f(x) = f(a + nh) + uVf(a + nh) + w

+- .+ uh.(u+ Dh..(u+n—1)(h)

u(u+1)
f(a + nh + uh) = f(a + nh) + uVf(a + nh) + BT

or

VZf(a + nh)

V2f(a + nh)
n! h?

VZf(a + nh)
+u(u+1) ...... (u+n-1)

V*f(a + nh)
which is the required formula.

This formula is useful when the value of f(x) is required near the end of
the table.

Example 1. The population of a town is as follows:
Year: 1921 1931 1941 1951 1961 1971
Population: 20 24 29 36 46 51 (inLakhs)
Estimate the increase in population during the period 1955 to 1961.
Solution. Here, a+ nh = 1971,h = 10,a + nh + uh = 1955
~ 19714+ 10u=1955=>u=-1.6

The difference table is:

X y | Vy | Viy | V¥y | V'y | VPy

1921 | 20

1931 | 24 | 4

1941 | 29 | 5 1
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1951 | 36 | 7 2 1

1961 | 46 | 10 | 3 1 0

1971 [ 51 | 5 | -5 -8 -9 -9

Applying Newton's backward difference formula, we get

u(u+1)(u+2)
V2y1971 + 30 V1971

N u(u+ DU+ 2)(u + 3) VY1071 u(u+ 1)(u+ 25)!(‘1 +3)(u+4) V5Y1071

4!
—1.6)(—0.6 —1.6)(—0.6)(0.4
=51+(—1.6)(5)+%(—5)+( )(6 X )(—8)

(—1.6)(—0.6)(.4)(1.4) (—1.6)(—0.6)(0.4)(1.4)(2.4)
+ 24 (=9)+ 120 (=9
= 39.789632

u(u+1)
Y1955 = Y1971 + UV¥1971 + o1

)

Increase in population during period 1955 to 1961 is

=46 — 39.789632 = 6.210368 Lakhs
= 621036.8 Lakhs.

Example 2. The population of a town was as given. Estimate the
population for the year 1925.

Year (x): 1891 | 1901 | 1911 | 1921 | 1931

Population (in thousands) (y): | 46 66 81 93 101

Solution. Here, a + nh = 1931,h = 10, a + nh + uh = 1925

§AsToaa o3 ] )
ST 10 vl

The difference table is:

X y | Wy | Vy | Vy | Vi
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189
4
1 6
190
1 66 20
=1 81 15| -5
il
e 93 12 | -3 2
il
193 10
1 1 8 -4 | -1 -3

Applying Newton's Backward difference formula, we get
u(u+1) _,
Y1925 =Y1931 T UVYy1931 + TV Y1931

uu+Du+2) ., u(u+u+2)(u+3)_,
+ 30 Y1931 a1 VY1931

(—.6)(4) (—.6)(4)(1.4)
—r  CHF 3 =D

(=3)

=101 + (—.6)(8) +

(—6)(4)(1.4)(2.4)
+ 4l
=96.8368 thousands.

Hence the population for the year 1925 = 96836.8 ~ 96837.

Example 3. Given log x for x = 40,45,50,55,60 and 65 according to the
following table:

X: 40 45 50 55 60 65

log x: | 1.60206 | 1.65321 | 1.69897 | 1.74036 | 1.77815 | 1.81291

Find the value of log 5875.

Solution. The difference table is:
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1091

X __1SE;X 105Vy, | 105V2y, | 1053y, | 105V4y, | 10575y,
- X

4

o | 160208

4

. | 165321 | 5115

5

> | 169897 | 4576 | -539

5

. | 174036 | 4130 | 437 | 102

6

o | 177815 | 37179 |60 | 77 25

6

o | 181201 | 3476 | 303 | 57 20 5

Newton's Backward difference formula is

u(u+1)
f(a + nh + uh) = f(a + nh) + uvf(a + nh) + Tvzf(a + nh) W
: 1
N u(u+1)(u+2) V3f(a + nh) + u(u+ 1D+ 2)(u+3) V*f(a + nh)

3! 4!

First, we shall find the value of log (58.75).
Here, a + nh = 65,h = 5,a + nh + uh = 58.75

s~ 65+5u=5875=>u=-1.25
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From (1),
; (—=1.25)(~-.25)
105f(58.75) = 181291 + (—1.25)(3476) + ————— (=303)

; (—1.25)(3—!.25)(.75) 57+ (—1.25)(—.2;!)(.75)(1.75) —20)

. (—1.25)(—.25)(5.?5)(1.75)(2.75) -

= 105£(58.75) = 176900.588
: £(58.75) = log 58.75 = 176900.588 x 10~° = 1.76900588

Hence,

log 5875 = 3.76900588 |~ Mantissa remain the same

18.5 SUMMARY

In this unit, we have discussed the following concepts
» Newton’s forward and backward interpolation formula
» Problems based on Newton’s forward and backward interpolation

formula

18.6 GLOSSARY

Interpolation: Estimating an unknown value within a given data range.

Newton’s Forward Formula: An interpolation formula suited to values
near the beginning of an equally spaced table.

Newton’s Backward Formula: An interpolation formula suited to values
near the end of an equally spaced table.

Forward Difference: The difference operator used in Newton’s forward
formula.

Backward Difference: The difference operator used in Newton’s
backward formula.

Step Size: The common interval between successive values of the
independent variable.

Interpolation Point: The point at which an unknown value is estimated.
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Equally Spaced Data: Data whose independent-variable values have a
constant interval.

18.7 EXERCISES

1. The values of f(x) forx = 0,1,2, .......,6 are given by

x 0 1 2 3 4 5 6

fx: 1 3 11 31 69 131 223

Estimate the value of f(3.4), using only four of the given values.

2. The following table gives the distance in nautical miles of the visible
horizon for the given heights in feet above the earth's surface.

x: 100 150 200 250 300 350 400

y: 1063 13.03 15.04 16.81 1842 199 21.27

Use Newton's forward formula to find y when x = 218ft.

3. If I, represents the number of persons living at age x in a life table,
find, as accurately as the data will permit, 1, for values of x = 35,42
and 47 . Given

120 = 512, 130 = 390, 14_0 = 360, 150 = 243.
4. The table below gives the value of tan x for 0.10 < x < 0.30.

X: 0.10 0.15 0.20 0.25 0.30

y=tan x: 0.1003 0.1511 0.2027 0.2553 0.3093

Find: (i) tan 0.50 (ii) tan 0.26 (iii) tan 0.40.
5. Given:

x:  1i02P8 S M Y17 8

fx) 1 8 27 64 125 216 343 512

Find f(7.5) using Newton's Backward difference formula.
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6. Thearea A of a circle of diameter d is given for the following values:

d: 80 85 90 95 100

A: 5026 5674 6362 7088 7854

Calculate the area of a cricle of diameter 105.
7. Estimate the value of f(42) from the following available data:

X: 20 25 30 35 40 45

f(x): 354 332 291 260 231 204
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UNIT 19 GAUSS FORWARD AND BACKWARD
INTERPOLATION FORMULA, STIRLING’S
FORMULA

STRUCTURE
19.1. Introduction
19.2. Objectives
19.3. Gauss forward difference formula
19.4. Gauss backward difference formula
19.5. Stirling’s formula
19.6. Application of interpolation in Economics
19.7. Summary
19.8. Glossary
19.9. Exercises

19.10. Suggested Readings
19.1 INTRODUCTION

In numerical analysis, interpolation is vital for estimating unknown function
values based on a set of known data points. When the data points are evenly
spaced, specialized interpolation formulas streamline the process,
enhancing both accuracy and efficiency. This unit covers three key
interpolation methods: Gauss Forward Interpolation, Gauss Backward

Interpolation, and Stirling’s Central Difference Formula.

These techniques are especially effective for evenly spaced data and are
commonly used for estimating values near the center or edges of a dataset.
Each method is tailored to specific situations, providing a reliable approach

to function estimation within equal intervals.
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1. Gauss Forward Interpolation Formula:

o Focused on interpolating values near the start of the data table.

e Introduces the concept of central differences, simplifying
interpolation for equally spaced data points.

e Provides a step-by-step guide to constructing the Gauss Forward

Interpolation formula.

o Applied to predict values when the point of interest is closer to the

beginning of the dataset.

2. Gauss Backward Interpolation Formula:

o Applied for interpolation near the end of the data table.

« Highlights similarities with Gauss Forward Interpolation, but
focuses on the dataset's endpoint.

e Explains the construction and use of the backward difference

operator.
o Useful for estimating values near the final data points.

3. Stirling’s Central Difference Formula:

e A symmetric interpolation method ideal for points near the center of
the dataset.

e Merges forward and backward differences to develop an effective
central interpolation technique.

e Derives Stirling’s formula from Gauss forward and backward

methods, highlighting its balanced nature for central points.
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o Evaluates accuracy, particularly for data points that are equidistant

from the dataset's midpoint.

19.2 OBJECTIVES

After completing this unit, students will be able to
» Remember and understand the Gauss forward and backward
interpolation formula, Stirling’s formula
> Apply the Gauss forward and backward interpolation formula,

Stirling’s formula

19.3 GAUSS' FORWARD DIFFERENCE
FORMULA

Newton's forward difference formula is
u(u—1 -1 -2
M=) gy 4 BT DO D)
2! 3!
uu—Dw—-2)(u—-3)
+ T

fl(a+ hu) = f(a) + udf(a) +

Givena =0, h = 1, we get
-1 -1 -2
P = £0) +unf(©) + Do) + HEZIET D g

O @
+u(u 1)(114' 2)(u—3) A4f(0) 4o

Af(-1)

and
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A f(=1) = A*f(0) — A*f(=1) = A*f(0)
= A°f(—1) + A*f(—1) and so on.

=~ From (2),

u(u-—1)
f) = £(0) +ubf(0) + =
N u(u — 13)|(u —-2)
u(u—1Dw—-2)(u—-3)
+ 7
( -1

— A1) + (- 1))
(M3F (1) + A4 (- 1)}

MY (=) + A°F (-} + ...
up — &) {1 M 2}A3f(—1)

2 3
(u =] 1)(“ - 2)(“ - 3) ASf(_l) + .-

41
u+Du(u—-1)
3!

= f(0) +uAf(0) + A f(=1) +

— 1D (u—2 —
Lu g(u ) ) }A4f(—1) 4
( 1)

= f(0) + udf(0) + ——A*f (-1 +

f142

Af(-1)

A“‘f(—l) = A4f(—2) + Asf(—Z)
therefore
f(w) = f(0) + udf(0) + ( _ )Azf( 1)+

S w1
NC : 1)u(u47 D2 naf-2) + 057~ 2))

u(u—Dw—-2)(u—-3)
= 4!

(u+Du(u—-1)

MF(=1) +--

f = f(0) +uAf(0) + ( 5 )Azf( 1) + (u+ );t'(u—l)

(u + Du(u—1)(u—-2)
4!

Af(-1)

MF(=2) + -

This is called Gauss' forward difference formula.

Example 1. Apply a central difference formula to obtain f(32) given that:
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£(25) = 0.2707 £(35) = 0.3386
£(30) = 0.3027 f(40) = 0.3794.

Solution. Here

a+hu=32and h=5
Take originat 30 ~ a = 30thenu = 0.4

The forward difference table is:

u | x| f() | Af() | A% () | A%f(x)

-1 |1 25 | .2707 | .032 .0039 .0010

0 [ 30 [ .3027 | .0359 | .0049

1 | 35| .3386 | .0408

2 | 40 | .3794

Applying Gauss' forward difference formula, we have

Fay = £0) +unf(0) + D wepoy ¢ LI gy
~ f(4)=.3027 + (.4)(.0359) + M (.0039) + (1'4)('43)'('4 — D (.0010)

= 0.316536.
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Example 2. Use Gauss' forward formula to find a polynomial of degree

four which takes the following values of the function (x) :

Fe): 1 -1 1 -1 1

Solution. Taking originat3and h = 1

a+ hu=x
> 34+u=x =2>u=x—3

The difference table is:

u | x| fG) | Af() | 22 f(x) | 23f(x) | A*f(x)

2111 -2 4 -8 16
112 (-1 2 -4 8
0 |3 |1 -2 4

Gauss' forward difference formula is
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( 1) (u+Du(u—-1)

f) = f(0) +udf(0) + ——A%f(-1) + 3 Mf(-1)
N (u+ 1)u(u4'— D(u—-2) A4f(—2)
14 (r—3)(=2)+ (x — 3)(x —4) (—4) + (x—2)(x ; 3)(x—4) ®)
(x —2)(x=3)(x -4 (x - 5)
24 (16)

4
=1—2x+6—2x2+14x—24+§(x3—9x2+26x—24)
2
+§(x4 — 14x3 + 71x? — 154x + 120)

2 100
~ F(x) = §x4 —8x3 + sz —56x + 31

Example 3. Apply Gauss's forward formula to find the value of ug, if
uO = 14, U,4_ = 24,u8 = 32,u12 = 35’“’16 =5 40

Solution. The difference table is (taking origin at 8):

u | x| fO) | AfC) | A%f(x) | AF() | A*f(x)

-2 10 14 10 -2 -3 10
-1 14 24 8 -5 7
0 8 32 3 2

1 12 | 35 5

Here
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a=8h=4a+hu=9

~ 8+4u=9>u=.25

Gauss' forward difference formula is

£(25) = 10 +unr @) + o a2y (1) + EEE T D g
(u + 1)u(u4'— D(u—2) A F(—2) 7
_ SEm— w = (1.25)(.265)(—.75) (7)( )

, (125)(25)(=75)(=1.75) 10)

24

= 33.11621094
Hence ug = 33.11621094.

Check Your Progress

1. Using Gauss’ forward interpolation formula, estimate y at x = 2.5 from

the equally spaced datax =0,1,2,3,4andy =1, 2,5, 10, 17.

2. Using Gauss’ backward interpolation formula, estimate y at x = 1.5

fromthedatax =0, 1,2,3,4andy=3,5, 9, 15, 23.

Mathematical Methods for Economics 313



3. Using Stirling’s interpolation formula, estimate y at x = 2.1 from the

datax=0,1,2,3,4andy =1, 2,5, 10, 17.

19.4 GAUSS’S BACKWARD DIFFERENCE
FORMULA

Newton's forward difference formula is

Flathu) = f(@ +usf@) + "D prp(ay + DO gy
Putiia =0, h =1, we get

- —1)(u-2
Fu) = £(0) +uaf(0) + 2D pe oy + LY 3),( )A3f(0)(2)

u(u - 1)(u4!_ D3 jaroy 4 e

A*f(0) = A f (=D + A°f(-1)

Af(0) = Af(—1) + A*f(=1)
A*£(0) = A*f(—1) + A>f(—1) and so on.

=~ From (2),
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(u)

f@) = f0) +ulAf (=D + Af(-D] + [A2f(=1) + & f(-1)]

H DD o (1) + a1

= F(0) + uAf(=1) + u (1 + uT_l) AF(=1)

+u(u - lg(u -2) {1 LU ; 3} MF(=1) + u(u - 1)(u4'— 2)(u—3) (1 N ; 2) N F(-1)
= £ +uaf(-1) + S D ey ¢ IR gy
G l)u(u4'_ D@ — A4f(—1) For(3)

Again, {IA3f(—1) = A3f(=2) + A*f(—2)

and
A*f(=1) = A*f(=2) + A>f(=2) and so on
~ (3) gives
1 -1
P = £0) +uf(~1) + S P ey + I D g )
A (-2))
+ l)u(u4|_ D w2y + 05723 + -
Fa) = £ +uaf(-1) + S5 Dy LD gy

This is known as Gauss' backward difference formula.
This formula is useful when u lies between — % and 0.
Example 1. Given that

V12500 = 111.803399,v12510 = 111.848111
V12520 = 111.892806,Vv12530 = 111.937483

Show by Gauss's backward formula that V12516 = 111.8749301.

Solution. Taking the origin at 12520
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,_xX—a_12516-1250 4 _
SUET T 10 “ 100 TV

Gauss's backward formula is

(u )
f@) = f(0) +uAdf(=1) + Nﬂ 1) (1)
The difference table is:
u x 105 fix) 1054 fix) 105 A7 fix) 105 A% fix)
-2 12500 111303395
44712
-1 12510 111848111 - 17

44695
o 12520 111892806 | ¥ _18

1 12330 111337483

From (1),

10f (—.4) = 111892806 + (—.4)(44695)

= 111874930.1

RO (O)(=H)(=14)
2! T B 3!

Hence, V12516 = 111.8749301.

(=D

Example 2. Find the value of cos 51°42' by Gauss's backward formula.

Given that
X: 50° 51° 52° 53° 54°
cos x: 0.6428 0.6293 0.6157 0.6018 0.5878.

Solution. Taking the originat 52°and h = 1
~u=(x—-—a)=51°42" - 52°=-18" = -0.3°

Gauss's backward formula is
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u+Du , u+Dum-1) ,
Q) = FO) +ubf(=1) + =N f (1) + ————Nf(~2)
@+2)@+Duw-1) , D
+ A*f(=2)
4!
The difference table is as below:
u X 104 fre) | 104A fw) | T0% AT f) | 204 AT x| D06 A4 )
-2 307 6428
- 133
-1 31* 6293 -1
=l
1] 32= 6137 _',J EI
— 135 2
1 347 &018 -1
— 140
2 54* 3878
From (1),

10*f(—.3) = 6157 + (—.3)(—136) + —('7);_'3) (=3)+ (7)(= 2( L3)
L 3NN (E13)
41
= 6198.10135
~ f(—3)=.619810135

(=2)

(4)

Hence i.icos 51°42" = 0.619810135.

19.5 STIRLING'S FORMULA

Gauss's forward formula is

£(u) = £(0) + uaf(0) + ( )AZ - + 2 1);(” ~D p3p1y + - ()

Gauss's backward formula is

Fa) = £0) +uaf(-1) + S22 gy 4 SEEE D w1
(u +2)(u+ Du(u—1) MF(=2) 4

4!
Take the mean of (1) and (2),
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Af(0) +Af(—1) u?
- J+ 02 (-1)

4 (u+ Du(u—-1) {A3f(—1) + A3f(—2)}

F) = £(0) +uf

3! 2
This is called Stirling's formula. It is useful when |u| < %or —% <u< % It
gives the best estimate when —i— <u< i.
Example 1. Given:
0: 0° 5° 10° 15° 20° 25° 30°
0.087 0.176 0.267 0.36 0.466 0.577
S) 3 9 4 3 4

tan 9: O

Find the value of tan 16° using Stirling formula.
Solution. Take origin at 15°

~ a=15°h=5
a+ hu=16
= 154+5u=16=2>u=.2

The difference table is:

u 0 | 10%0) | 10°AR6) | 10°A%00) | 10°A%A0) | 10ATRG) 1()';&*/13v!1()‘A"ﬂ9)
-3 1] )
875
2 | 5 875 13
K88 15
~1 | 10| 1763 8 2
5 916]—, 17 |- 2],
0 | 15 | [2679]" | (451 o 1| — | [m1]
= 961} ta< Fla
1 | 20 | 38640 62 T 9 T
1023 26
2 | 25 | 4663 88
1111
3 | 30 | 5774

Using Stirling's formula,
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961 + 916) (:2)2 (1.2)(.2)(—.8) (17 + 17>

104f(.2)=2679+(.2)( > to (A5 + 3 5

(2)%{(2)* -1} (2.2)(1.2)(:2)(—8)(—1.8) (9 + (-2)
* 4! O+ 5! { 2 }
2)2{(2)2 - 1H(2)* -4
+( )*{(.2) 6!}{( ) }(11)
= 2866.980499

. f(.2) =.2866980499
Hence tan 16° = 0.2866980499.
Example 2. Apply Stirling's formula to find the value of f(1.22) from the

x2
following table which gives the values of f(x) = \/%foxe"de, at
intervals of x = 0.5 fromx =0to 2.

x: 0 05 1.0 1.5 2.0

f(x): 0 0191 0341 0433 0.477.

Solution. Let the origin be at 1 and A = 0.5

gty ¥Te_l2-100
S Xx=a uu= n = G =0.

Applying Stirling's formula

1 2
fW)=f0)+u- E[Af(o) +Af(-1)] +%A2f(—1)
_I_u(u2 -1) 1 u?(w?-1)

S (-1 + 23 (D] + ——

TR CAYF(=2) e

1 (0.44)%
i £0.44) = £(0) + (044) S [Af(0) + Af (= D)] + = 4*f(~1)

0.44)[(0.44)* —1] 1 0.44)?[(0.44)* — 1
OO 1 gy sy 4 QADLO40 1)

~ £(0) + (0.22)[Af(0) + Af(—=1)] + 0.0968A%f(—1)
—0.029568[A3f(—1) + A3f(—2)] — 0.06505A%F(—2) + -+ ....

The difference table is as follows:

Af(-2)
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u X 107f(x) 10° Aftx) 10°A%fix) 1098%fx) | 109A%f(x)

2 0 0
191

|

—
o
—
Ne
B

|
——
e

x| [150 [\‘ o~ _—17]"\‘

T e v ai
1 1.5 433 92 l 10

o
o
—
~1
e |

£(0) and the differences are being multiplied by 103

» 103£(0.44) ~ 341 + 0.22 X (150 + 92) + 0.0968 X (—58)
— 0.029568 X [—17 + 10] — 0.006505 X 27

~ 341 + 0.22 X 242 — 0.0968 x 58 + 0.029568 x 7 — 0.006505 x 27
~ 341 + 53.24 — 5.6144 + 0.206276 — 0.175635 == 388.66

Hence the required value of f(x) at x = 1.22 is 0.389.

19.6 APPLICATIONS OF INTERPOLATION IN
ECONOMICS

1. Estimating Missing Data:
o Interpolation helps estimate economic indicators (e.g., GDP,
inflation, or unemployment rates) for periods where data is

unavailable or incomplete, ensuring smoother analysis over
time.
2. Trend Analysis and Forecasting:

o By interpolating between known data points, economists can
identify trends and predict future economic performance,
aiding in policy formulation and market analysis.

3. Price and Demand Estimation:
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o Interpolation is used to estimate consumer demand or price
levels at points not directly measured, supporting demand-
supply modeling and elasticity calculations.

National Income and Productivity Measurement:

o For sectors with incomplete records, interpolation helps
approximate national income or productivity levels,
contributing to more accurate economic growth assessments.

Index Construction:

o Economic indices (like cost of living or price indices) often
require interpolating data points to build comprehensive
datasets, reflecting changes over time more accurately.

Market Research and Analysis:

o In market research, interpolation estimates market size,
revenue, or consumer preferences at different price levels or
regions where direct data collection isn’t feasible.

Resource Allocation:

o Governments and organizations use interpolation to estimate
the impact of policy changes or resource distribution across
different regions, filling gaps in socioeconomic data.

. Wage and Income Distribution:
o Interpolation can estimate wage growth or income
distribution trends, helping economists analyze disparities

and propose targeted economic policies.

Interpolation is a critical tool in economic modeling, ensuring more

accurate predictions and comprehensive analysis, even when complete

datasets are unavailable.

19.7 SUMMARY

In this unit, we have discussed the following concepts

» Gauss forward and backward interpolation formula,
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» Stirling’s formula
» Problems based on Gauss forward and backward interpolation

» Problems based on Stirling’s formula

19.8 GLOSSARY

Gauss’ Forward Formula: A central interpolation formula used near the
middle of an equally spaced table.

Gauss’ Backward Formula: A central interpolation formula based on
backward differences.

Stirling’s Formula: A central interpolation formula using symmetric
differences.

Central Difference: A difference formed symmetrically around a central
value.

Central Value: The selected middle value used as the reference point.

Interpolation Parameter: A normalized quantity measuring distance
from the central point.

Symmetric Difference: A difference constructed using values on both
sides of a point.

Central Interpolation: Interpolation performed using data surrounding a
central point.

19.9 EXERCISES

1. From the following table, find the value of e'” using Gauss
forward formula:

X: 1 1.05 1.10 1.15 1.20 1.25 1.30

2718 2857 3.004 3158 3320 3490 3.669
3 7 2 2 1 3 3

X.

2. Find the value of f(41) by applying Gauss's forward formula from
the following data:
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X 30 35 40 45 50

f(x): 36782 29951 2400.1 1876.2 1416.3
3. Given that

X: 25 30 35 40 45

log x: 139794 147712 154407 1.60206 1.65321

Find the value of log 3.7, using Gauss's forward formula.

4. Apply Gauss's backward formula to find sin 45° from the following
table:

0°: 20 30 40 50 60 70 80

o 0342 050 0642 0766 0866 0939 0984
SIEE 02 2 79 04 03 69 81

5. Interpolate by means of Gauss's backward formula, the population
of a town for the year 1974 given that:

Year: 1939 1949 1959 1969 1979 1989

Population:

12 15 20 27 39 52
(in thousands)

6. Apply Gauss's backward formula to find the value of (1.06)1? if
(1.06)1° = 1.79085, (1.06)*° = 2.39656, (1.06)%° =
3.20714, (1.06)?° = 4.29187 and (1.06)3° = 5.74349.

7. Use Stirling's formula to find u5, from the following table:

uzo = 14’035 U,30 = 13257

Uyo = 12.089 u,s = 13.674

Uss = 12.734  uys = 11.309.
8. Find f(0.41) using Stirling's formula, if

£(0.30) = 0.1179, £(0.35) = 0.1368, £(0.40) = 0.1554
£(0.45) = 0.1736, £(0.50) = 0.1915
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9. Employ Stirling's formula to evaluate y;, , from the following table
(yx =1+ logy sin x) :

x°: 10 11 12 13 14
105y,: 23967 28060 31788 35209 38368.
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UNIT 20 INTERPOLATION WITH UNEQUAL
INTERVALS

STRUCTURE
20.1. Introduction
20.2. Objectives
20.3. Lagrange's interpolation formula
20.4. Examples
20.5. Summary
20.6. Glossary
20.7. Exercises
20.8. Suggested Readings

20.1 INTRODUCTION

Interpolation is a key technique in numerical analysis for estimating
unknown function values from known data points. In real-world
applications, data points are often unevenly spaced, making interpolation
over unequal intervals necessary. Lagrange's Interpolation Formula is a
highly effective method for handling such cases.

This unit explores the principles and applications of Lagrange’s
interpolation formula to approximate functions using irregularly spaced
data points. Unlike methods that rely on equal spacing, Lagrange’s formula
offers flexibility, is straightforward to apply, and provides accurate results
even when data intervals vary.

1. The Need for Unequal Interval Interpolation:

Importance of handling data points that are not evenly distributed.
Applications in fields such as engineering, physics, and data science, where

measurements are often irregular.
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2. Lagrange’s Interpolation Formula:

Detailed derivation of Lagrange’s formula for constructing the interpolating
polynomial.

Understanding how Lagrange polynomials are used to estimate the value of
a function at any given point within the range of the known data.

3. Advantages of Lagrange's Formula:

Flexibility in handling non-uniform data.

No need to calculate divided differences, unlike Newton’s method.

Simple structure, with explicit terms that involve only the given data points.
By the end of this unit, you will be able to use Lagrange’s interpolation
formula to interpolate functions from irregularly spaced data points,
understand its advantages and limitations, and apply it to solve practical
problems. This knowledge is crucial for fields where data is not uniformly

distributed and precise function approximation is needed.

20.2 OBJECTIVES

After completing this unit, students will be able to
» Remember and understand the Lagrange's interpolation formula for
unequal intervals
> Apply Lagrange's interpolation formula for unequal intervals to

solve problems

20.3 LAGRANGE'S INTERPOLATION
FORMULA

Let f(xo), f(x1) f(x,) be (n+ 1) entries of a function y = f(x), where

f(x) is assumed to be a polynomial corresponding to the arguments

The polynomial f(x) may be written as
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flx) =A0(x —x)(x — x3) wer o (x—x,) +A;(x — x0)(x — x3) on e (x—xp) +

where Aq, A4, ....., A, are constants to be determined.

Putting i.:ix = xg, X1, <. .. , X, in (1), we get

f(xo) = Ag(xo — x1) (X9 — Xx3) ... ... (%o — xp)
“ A _ f (x0)
° (x0 — x1) (X0 — X2) wov - (x0 — xp) 2
flx) = A1 —x0) (X1 — x2) oo oo (%1 — xn)
C A _ f (1)
Ct B (1 — x0) (X1 — X2) wor - (X1 — xp)
Similarly,
_ f(xn)
An = G0 ) G d) ®
Substituting the values of Ay, A4, ....., A, inequation (1), we get
= x)(x—x3) e (x — x,)
fx) = (X0 — x1) (X9 — X2) wov . (x0 — xp) f(xo)
(x —xp)(x — x3) wuu oo (x —x,)
(1 — %) (g — x2) v oes (%1 — xn) fx) ®
(x —x0)(x — x1) cervue (x —xp-1)
Tt (xn - xo)(xn - xl) ------ (xn - xn—l) f(xn)

This is called Lagrange's Interpolation Formula. In eqgn. (4), dividing both

sides by (x — xo)(x — x4) ... (x — x3,), Lagrange's formula may also be

written
f(x) > f(xo) 1
(x —x0)(x — x1) v vee (x—x,) (x0—x1)(xg—%x32) ... ... (xo —xp) (x—x0)
f(x1) 1
G- 1) G —x) Gy ®
N f ) A
(xn - xo)(xn —X1) e o (xn r xn—l) €4 mi xn) :
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Another form of Lagrange's Formula

Prove that the Lagrange's formula can be put in the form

N p@f ()
M”‘;@%mwm»

where

n

b =] [ c=x

r=0

and

) d
#'G) = [ 0en]
We have the Lagrange's formula,

(¢ = )t = 30 = ) ) = )
r=0 (Xr B Xo)(xr - xl) (Xr - xr—l)(xr - xr+1) (XT - Xn) f(xr)(6)

Pn(x) =

Now,

o =] [ @-x
r=0

= —x0)(xXx—x1) e (X =2 )(x — ) (X — Xppq) veen . (X — x)
ap' () =(c—x)x—x3) . (= x) e (X — xp)

+(x—xp)(x — x3) e (X — ) i . (x — x) + -0

+(x—x)(x—x1) e . (X —xp_ D)X =204 1) .. (x—x5) + -

+(x—xp)(x—x1) e (x—x) oo (X — x_1)

= ¢'(x,) = [¢,(x)]x=xr

Hence from (6),
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RS ICieD
M= 2, e e

(7)

Check Your Progress

1. Using Lagrange’s interpolation formula, estimate y at x = 2 from the

data (x,y) = (1, 2), (3, 10), (4, 17).

2. Using Lagrange’s formula, estimate y at x = 2.5 from the data (1, 3), (2,
6), (4, 18).

3. Using Lagrange’s interpolation formula for unequal intervals, estimate

y at x =5 from the data (2, 4), (3, 9), (7, 49).
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20.4 EXAMPLES

Example 1. Using Lagrange's interpolation formula, find y(10) from the
following table:

x |5 6 9 11
y |12 | 13 | 14 | 16

Solution. Here xy =5, x; = 6, x, =9, x3 = 11

f(xo) =12, f(x1) =13, f(xz) = 14, f(x3) = 16

Lagrange's formula is
(x —x1)(x

S = e =% (o) (x — ) Cro — 73)
(x— xo)(x - xz)(x - x3)
G —70) O — 30 1 — ) O
(x — xo)(x - xl)(x 2 x3)
G —x0) s — x5 —x9)
(x — x) (x = 22 (x — 23)
Ex3 —535%)(9539;(951)(9;3 )— X2)
X — X — x—11
6-56-96-11) >
(x=5E—-6)(x—11)
9-50 -6 -11)
(x=5x—-6)(x—9)
T =5l =6) (1= G -G -1 12

f(xo)

f(x3)

(14)

7
+E(x -5 —-6)(x—11)
+14—5(x—5)(x—6)(x—9)
= —%(x — 6j(x 39)¢ = 11) +§(x -5 -9 —-11)
Putting x = 10, we get
1 13
f(10) = —5(10 —-6)(10-9)(10 - 11) + E(m —5)(10-9)(10 — 11)

7 4
— 13 (10 =5)(10 = 6)(10 — 11) + 7= (10 — 5)(10 — 6)(10 — 9)
=14.66666667
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Hence,
y(10) = 14.66666667

Example 2. Compute the value of f(x) for x = 2.5 from the following
table:

X: 1 2 3 4

fx): 1 8 27 64

using Lagrange's interpolation method.
Solution.Herexg =1, x; =2, x, =3, x3 = 4
f(xo) =1, f(x1) =8, f(x3) =27, f(x3) = 64
Lagrange's formula is
) = (x —21) (x — x2) (x — x3)
(x0 — x1) (xg — x2) (xg — x3)
(x — x0) (x — x2) (x — x3) )
(21 = x0) (1 — x2) (%1 — x3) !
(x — x0) (x — x1) (x — x3) £0x,)
(22 — x0) (22 — x1) (X2 — x3) 2
(x — x0) (x — x1) (x — x7) Fxs)

(x3 = x0) (x5 — x1) (x5 — x3) 3
_(x—ZXx—3Xx—4)1 (x—1D(x—=3)(x—4)
“a-aa-na-» P rte-ne-me-9

x—Dxx-=-2)(x—4)

B-D(B-2)(3—-4)

x—DExE—-2)(x—3)
T@-DGE-2)4-3)

f(xo)

(8)

(27)

(64)
= —%(x - 2)x—=3)(x—4) +4(x—-1D(x—-3)(x—4)
- - - -9

+%(x - 1)(x =2)(x =.3)
Given x = 2.5, we get
f(2.5) = —%(2.5 —2)(25-3)(2.5-4)
+4(2.5 — 1)(2.5 — 3)(2.5 — 4)
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27
~5 @5-D@5-2)(25-4)

32
+?(2.5 -1)(25-2)(25-3)
= 15.625
Hence, f(2.5) = 15.625.
Example 3. Find the cubic Lagrange's interpolating polynomial from the
following data:

x: 01 2 5
flx): 2 3 12 147

f(xO) = 21 f(xl) = 3) f(xz) = 121 f(X3) =147
Lagrange's formula is
(x = x1) (x — x2) (x — x3)
f) = (xo = x1) (%0 — x2) (xp — x3) f(xo)
(x — %) (x — x2) (x — x3) Flx)
(1 = x0) (1 — x2) (%1 — x3) i
(x —20) (x — x1) (x — x3)
(22 = x0) (2 — x1) (%2 — x3)
(x — x0) (x — x1) (x — x3)
(x5 = x0) (x3 — x1) (x5 — x2)
(x=0)(x—-D(x-5)
2-0)2-1(2-5) (12)
4 (x=0)(x—-D(x-2)
G-00GBG-1)(6B-2)

f(x2)

f(x3)

(147)

(x—=0)(x—-2)(x—5)
1-0)(1-2)(1-5)

0-1D(0-2)(0-52) + (3)

49
+%x(x —SBINC o *E 2 )

1 3
= —g(x3 —8x% +17x — 10) +Z(x3 — 7x?% 4+ 10x) — 2(x3 — 6x% + 5x)

+49(3 3x% + 2x)
50 * x x
= f)=x3+x2—x+2

which is the required Lagrange's interpolating polynomial.
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20.5 SUMMARY

In this unit, we have discussed the following concepts
» Lagrange's interpolation formula for unequal intervals
> Problems based on Lagrange's interpolation formula for unequal

intervals

20.6 GLOSSARY

Unequal Intervals: Data points whose independent-variable intervals are
not constant.

Lagrange Interpolation: An interpolation method that does not require
equally spaced data.

Lagrange Polynomial: A polynomial constructed from interpolation basis
polynomials.

Basis Polynomial: A polynomial associated with one interpolation data
point.

Divided Difference: A difference quotient used in interpolation with
unequal intervals.

Newton’s Divided Difference Formula: An interpolation formula based
on divided differences.

Interpolation Nodes: The known data points used to construct an
interpolation polynomial.

Interpolating Polynomial: A polynomial passing through the specified
data points.

20.7 EXERCISES

1. Apply Lagrange's formula to find f(5) and f(6) given that
f)=4f(1)=2f(3)=8f(7) =128
Explain why the result differs from those obtained by completing the series
of powers of 2 ?

2. Values of f(x) for values of x are given as
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fQ)=4,f(2)=51(7)=5,f(8) =4
Find f(6) and also the value of x for which f(x) is maximum or minimum.
3. Find by Lagrange's formula, the value of
(N us ifuy =1u3 =19,u, =49,u, = 181
(il) uy if ug = 16,us = 36,u; = 64,ug = 81 and uy = 100.
4. Using Lagrange's formula, find the values of
() ys ify; = 4,y; =120,y, = 340, y; = 2544
(i) yo if y_30 = 30,¥_12 = 34,y3 = 38,15 = 42.
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